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ABSTRACT
ELEMENTARY SCHOOL TEACHERS’ WAYS OF DOING AND KNOWING
MATHEMATICS
FEBRUARY 1993
ELIZABETH S. BETKE, B.A., STATE UNIVERSITY OF NEW YORK AT BUFFALO
M.S., STATE UNIVERSITY OF NEW YORK AT BUFFALO
Ed.D., UNIVERSITY OF MASSACHUSETTS
Directed by: Maurianne Adams, Lecturer
At the present time reforms called for in mathematics education involve substantial
changes in classroom activities from memorizing formulas and procedures to debating,
questioning, and justifying claims about concepts (National Council of Teachers of
Mathematics, 1989, 1991). However, most inservice programs in teacher education are
unprepared to help practitioners make this kind of transition. Most instructors feel
hampered both by insufficient backgrounds in mathematics and by unfamiliarity with new
teaching methods.
This study illustrates how women teachers might come to do and know mathematics in
ways consistent with proposed reforms. It explores four practitioners' old and new
perspectives on learning mathematics and their performance on a specific task (writing
word problems on fractions). All of these instructors had previously attended
SummerMath for Teachers, an inservice teacher education program designed to provoke
teacher change by having them work on conceptually-challenging problems like the one in
this study.
The investigation utilized qualitative, case-study methods and its findings were
interpreted through the lens of an epistemological framework to describe more fully factors
promoting intellectual development in women. The participants demonstrated that they
now recognized the relevance of mathematics to their lives and sought to construct
meaningful connections among its principles and concepts. They used diagrams as a
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means for uncovering and sorting out mathematical relations, thought about content in
terms of their students' learning and redefined their commitments as learners and teachers
of mathematics in the context of other serious and important responsibilities.
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CHAPTER 1
INTRODUCTION

Background of the Problem
Current reforms for teaching mathematics in elementary schools place greater demands
for teacher competence and accentuate their lack of confidence in this subject matter. The
widespread use of technology has ushered in curricular changes; computers now handle
computations that were once the mainstay of classroom activity. Concurrently, educators
and researchers in mathematics education have advocated reforms which involve a
fundamental pedagogical shift from the rote memorization of procedures to the active
exploration of concepts (National Council of Teachers of Mathematics, 1989, 1991).
Conventional approaches to classroom teaching had assumed that students learn by merely
absorbing and accepting facts, an approach which often led to fragmented understandings
because teachers rely solely on "explaining" or "telling" information. In contrast, a
teaching perspective consistent with the above reforms assumes that students need to
connect new knowledge to their prior understandings. To encourage opportunities for
constructing cohesive and meaningful networks of understandings, teachers need to
reorganize their classrooms into environments which provide support of, and respect for,
open communication and debate of mathematical ideas.
Statement of the Problem
The implementation of innovative practices are problematic for most teachers on two
accounts. To begin with, their own preparation in mathematics is often insufficient because
they were taught mathematics as a body of knowledge consisting of disconnected rules and
procedures. Not surprisingly, most primary teachers identify this discipline as their
weakest area of concentration (Schram, Wilcox, Lanier & Lappan, 1988).
Secondly, traditional approaches to inservice teacher education, like traditional teaching
approaches, "explain" new information--new classroom strategies, techniques, and
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perspectives—without considering how these ideas might fit with teachers’ preexisting
knowledge and beliefs. Even when teacher education programs are designed to provoke
teacher change by modeling alternative views of content and pedagogy, most teachers are
still unlikely to embrace these methods. Their beliefs are so entrenched because teachers as
prior students have already spent a considerable period of time in conventional classrooms
(Kennedy, 1991). Teachers' underlying values have widespread effects-influencing not
only their practices, but also their students' learning (Peterson, Fennema, Carpenter &
Loef, 1989).
Focus of the Study
SummerMath for Teachers is an inservice program in teacher education which seeks to
provoke change in practitioners by taking them seriously as learners. In the program
teachers actually do mathematics to help them revisit and revise their understandings of the
subject matter. Mathematical thinking occurs as participants formulate problems, evaluate
claims, and create new representations of content. Moreover, through journal writing and
class discussion teachers are encouraged to reflect on the course of their own learning and
to distinguish between those experiences and their previous experiences in mathematics
(Schifter, 1991a).
The focus of this study is on how teachers make sense of this new approach to content
in light of their fundamental assumptions about knowledge in general, and mathematics in
particular.
Purpose of the Study and Significance
The purpose of my study is to describe the relationship between mathematical thinking
and ways of knowing in four SummerMath for Teachers participants. This is consistent
with the goal of teacher education as articulated by the National Center for Research on
Teacher Learning (Kennedy, 1991).
We need to define teacher learning as both a function of the teacher-learner
and of the learning experience itself We must design research that
examines both what teachers bring with them to new experiences-what they
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already know, believe, or valut-and the experiences themselves-the
features that are likely to promote learning the new ideas or practices offered
to them. (p. 2)
The first purpose of this study was to examine teachers' learning experiences, as noted
in their mathematical thinking on fractions. Mathematical thinking as defined in this study
involved "making conjectures, investigating patterns, modeling and representing real-world
problems, and making mathematical arguments within a community" (Putnam, Lampert &
Peterson, 1990). I chose the difficult topic of fractions because it challenged teachers to
develop more advanced and complex conceptual understandings of specific content than
most practitioners had attempted previously. I also chose to tell the whole story--its
affective as well as its cognitive sides—to portray more fully features which are likely to
promote learning new ideas.
The study focused exclusively on women for several compelling reasons. To begin
with, the overwhelming majority of elementary school teachers are women and thus the
literature in this field mostly reflects their knowledge and experiences. Similarly, most of
the SummerMath for Teachers participants and their current staff (as well as its present
Director and Assistant Director) are women. And finally, because I sought to understand
more about women teachers' past and present experiences learning mathematics, I chose a
developmental model based on data solely from women informants.
Secondly, this study addressed what teachers brought with them to new experiencestheir conceptions of mathematics and their "ways of knowing." The study's definition of
"ways of knowing" is derived from Belenky and her colleagues' (1986) use of the term:
"our basic assumptions about the nature of truth and reality and the origins of knowledge
[which] shape the way we see the world and ourselves as participants in it" (p. 3).
The literature offers few examples of Belenky et al.'s (1986) theory as applied to
specific fields of knowledge. Mathematics is an ideal context for the investigation of ways
of knowing in women because, for the most part, women have been excluded from this
field (National Research Council, 1989). Furthermore, the subject matter is traditionally
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taught in a highly procedural manner (Buerk, 1986a) and Belenky et al. argue that women
employ a connected rather than a procedural mode of knowing.
And finally, a third and overall purpose of the study was to describe teachers’
mathematical thinking in terms of their ways of knowing. This research may increase the
educational community’s understanding of an effective inservice program so that others
may create teacher education programs which move teachers toward their own conceptual
understandings of mathematics.
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CHAPTER 2
REVIEW OF THE LITERATURE

This chapter reviews studies on teachers' understandings and conceptions of
mathematics from two areas of research related to the present investigation. The first
perspective is from the mathematics education literature. It presents teachers’ knowledge of
fractions and their assumptions about mathematics. But because of the project’s emphasis
on the beliefs underlying teachers' attitudes on the subject, the review also looks more
broadly toward the field of epistemological development. This body of knowledge offers
frameworks for exploring teachers’ notions of authority and values on learning. Research
questions derived from the literature of both areas follow.
Section 1: Mathematical Thinking
The first part of this section considers the study's theoretical background and prominent
strategies used in mathematical thinking. The discussion then focuses more specifically on
teachers' knowledge of fractions and their attitudes toward mathematics.
Theoretical Perspective
The philosophical underpinnings of mathematical thinking as viewed in this study are
embodied in Piaget's theory of constructivism (1963a & 1963b). According to this school
of thought, learners actively construct their understanding of subject matter. Learning
evolves when new information conflicts with one's preexisting network of understanding.
To resolve this state of "disequilibrium," a person needs to integrate and reorganize his or
her personal conceptions of the world into a new conclusion that can account for previously
contradictory ideas (von Glaserfeld, 1983).
As students learn mathematics in elementary school, for instance, they are initially
introduced to multiplication as repeated addition with whole numbers greater than one.
Based on these experiences, they may form some generalizations about the topic,
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concluding that "multiplication always makes bigger." In subsequent encounters with
fractions and decimals less than one, however, they will find that their principle no longer
holds. At this point it becomes crucial for them to reexamine their initial understandings of
multiplication in light of this discrepant information and then to restructure their thinking to
account for their new experience (Fishbein, Deri, Nello & Marino, 1985).
The constructivist view hypothesizes that concepts are dynamic constructs shaped by
the individual's experience and developmental perspective. Therefore, each person
perceives reality in a slightly different way. Piaget's developmental work describes how a
child's perception differs from an adult's perception (1963a & 1963b). An adult's
explanation, no matter how clear or accurate, cannot alter certain concepts which a child
believes (von Glaserfeld. 1983).
The following Piagetian task illustrates how the developing child organizes the world it
experiences. In this experiment, identical containers are set before a child and an adult and
they both begin to drop beads into their own containers with a one-to-one correspondence.
After about five beads, the adult stops the child's activity, and drops one bead into her own
container. They both then resume the original task of adding beads with a one-to-one
correspondence for about five more beads (Kamii, 1985).
When asked who has more beads, most four-year olds reply that the two containers
hold equal amounts even though they recall that one more bead was put into the teacher's
container. Their conclusion is based on the appearance of the two quantities. In contrast,
most five- and six-year-olds answer correctly that the teacher's container has one more
bead. Even though they cite the same facts as the four-year-olds, the five- and-six-yearolds' reasoning is based on their own internal construction of number relationships rather
than on their observations of physical properties (Kamii, 1985).
The thesis of the present research is that problem-posing activity is at the core of
constructing and using new knowledge. Brown and Walter in their book, The Art of
Problem Posing, suggest that at the onset of problem solving, asking questions sharpens
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the focus of the problem, assists learners in uncovering their preconceptions, and broadens
the perspective on the problem (1983). Later, when evaluating the problem’s significance,
problem-posing activities shed light on the solution and generate new ideas on the topic.
The authors propose the ”What-if-not" strategy as a way to systematically generate
problems from a problem-solving situation. In essence, this method relies on first
identifying the attributes or constraints of the problem, and then changing those restraints
by asking "what if not?"
Von Glasersfeld stated that question posing is the basis of a thoughtful approach
(1990). As he viewed it.. ."[t]o solve a problem intelligently, one must first of all see it
as one's own problem" (p. 15). In this sense a learner comes to "own" the problem. The
learner-subject matter relationship then changes from one of distance to one of intimacy
(Schifter, 1990). Consistent with this view, questioning is more than a means of
mathematical thinking; it is a goal of mathematical instruction. For this reason, the present
study employed both a question-posing task for the exploration of mathematical thinking as
well as traced the use of problem-posing strategies for solving it.
The second major strategy which enhances a constructivist teaching perspective is
learning with others. Vygotsky (1978) is credited with extending Piaget's (1963a &
1963b) work in this direction. He believed that interpersonal exchanges foster the
development of internal cognitive thought. The kind of activities that children engage in
with more skilled partners teaches them how to use tools for more advanced thinking.
These experiences occur within what he referred to as the "zone of proximal development."
Cognitive processes, he proposed, develop in the context of the social milieu before they
become internalized and reorganized thoughts. Moreover, the social environment is not
only a vehicle for internalizing one's own thoughts, but meanings also become shared
among individuals during the process of communication. Group members negotiate
interpretations based on their multiple perspectives. Viewed in this way, mathematical
thinking becomes an interactive as well as a constructive activity (Cobb, 1988).
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Vygotsky's social "zone" of learning has been cited in support of the third and last
strategy, attention to metacognitive processes of thought (1978). Metacognitive research
emphasizes how people control or self-regulate their thinking. The literature demonstrates
that experts, in contrast to novice problem-solvers, make better use of what they know.
Whereas students tend to "go off on wild goose chases" by following one approach to the
exclusion of all others, experts try many approaches abandoning them quickly if they don't
seem to work (Schoenfeld, 1987). During the last decade several small-group methods
have been designed to help students develop metacognitive skills in mathematics
(Davidson, 1990). Participants at SummerMath for Teachers have practiced a modification
of Paired Problem Solving, a technique where the problem-solving partner brings her ideas
out in the open by verbalizing her approach to listening partners (Lochhead, 1985).
In summary, the participants developed the kind of mathematical-thinking skills
demonstrated in this study at SummerMath for Teachers, a setting which acknowledged
them as active constructors of their ideas. Some of the strategies promoting their learning
were problem posing, learning in a social milieu, and attention to issues of metacognitive
control.

Teachers' Subject MattgiKaowlgdgs
Philosophical arguments as well as common sense support the conviction
that teachers' own subject matter knowledge influences their efforts to help
students learn subject matter... Subtly, teachers' conceptions of knowledge
shape their practice-the kinds of questions they ask, the ideas they
reinforce, the sorts of tasks they assign. (Ball & McDiarmid, 1989, p. 2)
Historically, researchers equated teachers’ subject matter knowledge with the number
of credits they had earned in that discipline or their scores on a standardized test. The
problem with this approach in the field of mathematics is that topics covered in higher-level
coursework do not generally revisit the mathematical ideas taught at the elementary and
secondary school level. At the present time efforts to determine teachers’ subject matter
knowledge focus on their own engagement with ideas and the processes of learning. This
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research links teachers' firsthand knowledge with the opportunities they provide for their
students' learning (Ball, 1988).
Shulman refers to teachers' content knowledge as " the knowledge that grows in the
minds of teachers, with special emphasis on content” (1986, p. 9). The research presented
here concentrates on the foundation of this knowledge, teachers' subject matter knowledge.
Ball further distinguishes between two aspects of this component: knowledge of and about
mathematics (1988). The former consists of the subject's procedural and conceptual
knowledge; the latter refers to the "nature of the discipline-where it comes from, how it
changes, and how truth is established” (p. 10). The first part of this presentation focuses
on knowledge £f mathematics characterized by teachers' understandings about fractions.
The concluding part looks more broadly at teachers' attitudes, beliefs, and feelings about
mathematics.
Teachers' Knowledge of Fractions. During the last decade, there has been increasing
attention to what prospective and experienced teachers know about fractions. Multiple
interpretations of rational numbers add to the complexity of this topic. Such variations
include (a) part-whole relations, (b) a number on the number line, (c) an operator that can
change another quantity, (d) a quotient of two integers, (e) a rate, (f) a ratio, and (g) an
expression of probability (Ball, 1990a). Given this wide range of possibilities as well as
their use with basic arithmetic operations, writing word problems about fractions requires
considerable deliberation about many courses of action and careful attention to the
relationship between the meaning of a statement and its context.
Schifter and Fosnot's case study of Linda, a third grade teacher, illustrates some of the
issues that surround teachers' understandings about fractions (1993). Through her
participation in the SummerMath for Teachers Program, she increased her knowledge of
mathematics by connecting what she already knows in mathematics-familiar algorithms-to
concrete experiences. To learn about fractions, Linda used such activities as writing story
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problems and drawing diagrams to explore the general principles behind the "flip and
multiply" rule, a rote procedure taught conventionally for division of fractions.
The reader is carefully taken through each step of Linda's thoughts on the following
problem: "Four sheet cakes were divided into portions of 3/5 of a cake. How many
portions were there?" (p. 9). Her understanding evolved as she examined the seemingly
contradictory answers which were produced by her separate use of two methods; her
computational answer was 6 and 2/3, whereas her diagrammatic solution seemed to show 6
and 2/5. Schifter and Fosnot explained the source of Linda's confusion: the two pieces
represented in the numerators of both fractional remainders referred to different contexts2/5 of a cake and 2/3 of a portion.
Following small-group discussions of this problem, some teachers began to make
sense of this situation. One teacher noted: "The problem asks about portions. You can say
that there are 6 portions with 2/5 of a cake left over. Or you can say that there are 6 and 2/3
of a portion" (p. 9). Then referring back to the diagram, another teacher started to discuss
the basis of the flip-and-multiply rule. After considering the reciprocal relationship of these
remainders, coupled with her previous knowledge about multiplication and division, this
teacher explained:

You've got 3/5 of a cake equal to a portion. But you can see that each cake
is one portion plus another 2/3 of a portion. That's each cake is 5/3 of a
portion. So when you want to find out how many portions there are in 4
cakes, you can divide by the size of each portion, or you can multiply by the
number of portions per cake. Amazing! You can answer the question by 4
5 3/5 or by 4 x 5/3. I never knew that could make so much sense! (p. 69)

- -

Thinking about some of these ideas during the next week, Linda continued to work on
this problem by comparing the fractional amount of portion with the fractional amount of
the cake. She wrote in her journal:
Wait a minute—In order to know how many 3/5 portions there were in 4
cakes, I ended up multiplying the number of cakes by the number of
portions each cake had! Which was 4x5/3.
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Does this make sense? If 3/5 is a portion, then 1/5 of a cake is 1/3 of a
portion.
Cake
2/5
3/5
4/5
5/5

=
=
=
=

Portions
2/3
3/3
4/3
5/3

Each cake has 5/3 portions, (p. 70)

Based on Linda's chart, it seemed that she was beginning to uncover the reciprocal
relationship between 3/5 referring to the cake as a whole unit and 5/3 referring to a portion
as a whole unit. Linda next posed her own problems by simply substituting different
numbers into the original problem. In this way, she checked if the reasoning she applied in
the first problem held for subsequent examples. Through her use of diagrams, charts, and
story problems, Linda was able to derive some of her own meaning on this topic.
Similar to Schifter and Fosnot's research, Simon’s (1990) work also looked at
teachers' understandings of the remainder in a division problem with fractions. He asked
33 prospective teachers the following problem:
Serge has 35 cups of flour. He makes cookies which require 3/8 of a cup
each. If he makes as many such cookies as he has flour for, how much
flour will be left over? (p. 316)
Over half of his sample were unable to come up with a solution. Of those teachers who
did respond, twice as many answered incorrectly that 1/3 of a cup of flour was left over.
One-third is the fractional remainder which results from the computational approach. This
solution refers to the number of cookies that could be made; thus 93 1/3 cookies could be
made from the given quantity of flour. Perhaps a diagram may have helped these students
to clarify their understanding of this situation. Figure 2.1 shows the last, or 35th cup of
flour which is divided into eight portions.

11

1 cup of flour

1/8

1/3

1 cookie

Figure 2.1: Simon's Cookie Problem

What the above configuration illustrates is that the remaining, shaded portion may
represent either 1/8 of a cup of flour or 1/3 of a cookie. This distinction depends on the
perspective of the whole unit which is considered in the problem. Simon noted that the
failure of many teachers to answer this question points to the fact that they had not been
taught the kinds of complex referential contexts needed to interpret remainders.
Another mathematics problem in Simon's study is of greater significance to the current
project because it asked teachers to write their own fractional division word problems. The
findings of this research confirmed the findings of other studies which asked teachers to
perform this task (Ball, 1990a) or a similar kind of task (Borko,Brown, Underhill,
Eisenhart, Jones & Agard, 1992). While all of these investigations noted that most
participants could calculate the answer, few teachers could write or match appropriate story
problems with a division of fractions expression.
Ball's study asked prospective teachers to create a situation corresponding to the
numerical expression, 1 3/4 -H/2 (1990a). She found that some of the teachers who were
not successful at this task wrote situations representing division by 2 instead of division by
1/2. For instance, "[m]y roommate and I want to share 1 3/4 pizzas. How much pizza can
each of us have?" (Ball, 1988). When these teachers calculated the answer, Ball explained,
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they arrived at 3 1/2, believing that this number referred to portions or quarters of a pizza.
But the 3 1/2 actually referred to the number of halves that were in 1 3/4.
Leinhardt and Smith's study of experienced teachers, as well as prospective teachers,
also showed that practitioners' knowledge of fractions was not supported by adequate
conceptual understandings (1985). When asked to provide a definition of fractions, only
one teacher discussed more than the standard part-whole relationship. Additionally, most
teachers did not demonstrate substantive knowledge about central fractional relationships in
such areas as ratio, equivalence and the concept of the unit.
At the core of Leinhardt et al.'s investigation was an in-depth analysis of three
experienced teachers' classroom lessons on fractional equivalence. The instructor whom
the authors referred to as the most knowledgeable taught this topic by linking the identity
element with concepts of multiplication and division. The other, less knowledgeable
practitioners, focused solely on teaching the algorithm.
Leinhardt et al. believed that because the latter type of teaching presents incomplete
ideas, it can lead to students' misconceptions. Furthermore, as their research showed,
presenting partial information may also reflect teachers' own misunderstandings. Some of
the teachers in their study confused reducing a fraction with making that fraction smaller.
While the above studies provide examples of teachers' knowledge about division and
multiplication of fractions, missing from the literature is research demonstrating teachers'
knowledge of addition and subtraction with fractions. However, some information about
teachers' competence in this area may be provided from studies of classroom practice. For
example, in Ball's case study of her own teaching, she considered how to teach fractions in
terms of such key issues as their semantic and compositional nature (1990b). The
following excerpt revealed how she helped one of her students, Cassandra, untangle her
tendency to treat fractions as whole numbers rather than parts.

Looking at the two cookies that had been divided into fifths, Cassandra
realized that each person was to get 1/5 and another 1/5.... Thinking of
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the denominators, she began, "5 + 5 is
I prompted, "No, think about
your picture. Ont-fifth plus ont-fifth." She paused to think about this, and
then said, "two of the fifths." (p. 23)
Instead of giving serious attention to students' conceptual understanding of fractions,
Remillard's case study of Jim Green's teaching showed this teacher's focus on making
mathematics fun for his fifth graders (1990). He used the representation of "naked
numbers" to teach the procedure for finding common denominators. Green told his class
that when they are adding fractions such as 1/2 + 1/4, the 2 is "undressed" because it is
lower than the 4. Because they "cannot allow it to go that way," they "dress" it up by
taking the multiplies of that number to reach an equivalent fraction with the other number
(p. 55). Remillard concluded that

Jim's naked numbers are stripped of their conceptual clothes. Thus, while
the representation might be compelling because kids find it engaging, it
lacks conceptual mathematical power and represents the essence of the
content as procedural, (p. 55)
Although other examples on teachers' knowledge of addition and subtraction fraction
problems were not found by this reader, Carpenter, Fennema, Peterson, and Carey's study
provide a source of 41 first-grade teachers' understandings of these operations with whole
numbers (1988). Their findings suggest that most teachers were unaware of the richness
and variety in addition and subtraction word problems and strategies. Teachers had
difficulty providing examples that were not used frequently in textbooks or modeling
strategies that were not presented direcdy to them. Carpenter et al. believe that a more
flexible and comprehensive understanding of these operations would improve teachers'
instructional planning and, consequently, student achievement.
In conclusion, the research on teachers' understandings of fractions characterized most
teachers' knowledge as insufficient, sparse, and "egg-cartons of mathematical ideas"
because their intellectual resources consisted largely of compartmentalized procedures
rather than an organized network of deeper principles and concepts (Ball, 1990a, p. 140).
And while this literature review pointed out what is missing in teachers' backgrounds, this

14

body of research is more broadly about what is missing throughout conventional
schooling. The most promising avenues for research on teachers' knowledge of fractions
is represented in the development of their own mathematical thinking. Research of this
kind is needed throughout all areas of teacher education-in preservice and inservice
programs as well as in their own classrooms.
Teachers' Knowledge about Mathematics. Teachers' knowledge about mathematics
extends beyond their knowledge of the topic’s substance. Ball and McDiarmid state that
"this kind of understanding encompasses an understanding of the intellectual fabric and
essence of the subject matter itself (1989, p. 3).
As the previous discussion of teachers' knowledge of fractions points out, their
understandings consist of mostly incomplete procedures guided by step-by-step and rulebound methods. The subject has little application or relevance to their lives. When unable
to formulate story problems about fractions, for instance, teachers conclude that real-life
models don't exist for these situations. These teachers perceive mathematics as a
"senseless activity" (Ball, 1990a, p. 136) and as symbolic "manipulations without personal
meanings or personal use" (Buerk, 1986a, p. 27).
As a result of the way this subject was taught to them, most teachers come to believe
that mathematics is difficult to learn and an uninteresting discipline (Ball, 1988; NCRTE,
1988; Borko et al., 1992; Remillard, 1990). Compensating for the boring aspects of the
subject, they try to capture their students' attention by making mathematics fun.
Unfortunately, these concerns often override one of the central goals for teaching
mathematics, developing conceptual representations of content which connect to students’
thinking.
The primary issue that this research raises is how teachers might come to change their
preexisting beliefs about the nature of mathematics. Sowder learned about this process
from her observations and in-depth interviews with two nontraditional-aged prospective
teachers (1989). One teacher, Stella, adopted two opposing sets of attitudes about

15

mathematics. Her negative feelings about mathematics stemmed from her formal
experiences learning the subject in school; she described the way it was taught as
"incomprehensible" (p. 187). On the other hand, her confident performance on the
estimation tasks (a topic not typically covered in the school curriculum) demonstrated her
strength in practical mathematics. These skills, Stella recalled, were part of her daily
experiences such as maintaining a household and raising children.
Like Stella, Kathy also struggled with school mathematics. Kathy, however, attributed
her difficulties not to her capabilities, but to her acceptance of society's low expectations of
women as mathematicians. Based on this insight, she consciously changed her attitude
toward this discipline, and her skills flourished.
Ball and Prawat's study 1 of seven SummerMath for Teachers participants focused on
how teachers' beliefs about mathematics affected their initial responses to an innovative
mathematics inservice program (1989). Based on interviews and classroom observations,
the researchers identified several general patterns in teachers' reactions. Some practitioners
seemed "to glide with the program" because their previous ideas about learning and
mathematics were compatible with its aims--that is, a conceptual view of the subject matter
and a constructivist teaching perspective (p. 26). In this type of practice, teachers believed
that students needed to reason and to ask questions about a topic in order to create their
own understandings.
But because other instructors' practices relied on computational and teacher-directed
methods, adopting this program's point of view would require more significant and
profound changes. This was the case for two practitioners who recognized the disparity
between their own and the program's values. Though Belinda saw herself "as a traditional
mathematics teacher" prior to SummerMath for Teachers, she had experimented with games
and manipulatives in her classroom because she sensed that something was missing in a
drill-and-practice approach (p. 25). But she quickly became discouraged with these
techniques due to her students' loss of efficiency with number facts. Then by learning
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mathematics with manipulatives firsthand at the program, Belinda's view of these materials
expanded and once again her uncertainties about conventional teaching practices surfaced.
Bernadette, on the other hand, was not feeling unsettled about her mathematics teaching
at the time of the institute. But because she perceived the constructivist teachings of the
staff as a challenge to her longstanding reliance on a computational approach, she began to
question her worth as a teacher. What underlies both of these teachers' changes, Ball and
Prawat suggest, was their perception of conflict between their experiences at the program
and their notions of themselves as competent teachers. This discrepancy had profound
implications for both of them, precipitating the reorganization of their personal conceptions
of knowledge.
In addition to the influence of teachers' prior attitudes and beliefs, attention to their
feelings is also crucial for the development of mathematical thinking. The use of novel
problems changes the nature of mathematical activity. While in the past solving problems
meant recalling specific rules or formulas, nonroutine problems might have several valid
solutions and multiple paths to their solutions. Engaging in mathematical thinking now
means that teachers-as-leamers interact with the subject matter and with others in new
ways. What results is a learning environment where a broad range of feelings are more
likely to be exposed (Thompson & Thompson, 1989).
Such emotions may be those typically associated with positive outcomes--joy and
excitement--as well as feelings usually signalling negative outcomes: puzzlement,
bewilderment, and frustration (Goldin, 1988). Schifter and Fosnot's case-study
presentation demonstrates how crucial this dimension of learning is to understanding
teachers' mathematical thinking (1993). Linda, the teacher in this study, (whose
exploration on fractions was illustrated in the previous discussion) initially viewed
confusion as a failure to comprehend the material. Although this emotion could have stood
in the way of further learning, she continued to persevere. "So, my plan is to [keep my]
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hand in—try to keep playing even though I feel like I'm just pushing food around on my
dinner plate-and hope that something will click" (p. 74).
Linda's steadfastness was soon rewarded as she came to understand one of the
mathematical concepts presented in class. The confidence she gained through this
experience helped her learn to reinterpret her feelings of frustration. She now recognized
the value of emotions as part of the learning process instead of an end to that process.
Ultimately, research on teachers' own knowledge and beliefs is important because of its
effects on classroom practices and student learning. A study by Peterson, Fennema,
Carpenter, and Loef explored this linkage and found some striking differences in these
variables (1989). Teachers who believed that children construct their own mathematical
ideas introduced addition and subtraction with word problems to give greater meaning and
relevance to these operations. In contrast, other teachers who thought that children learned
from memorization taught these concepts through repetition of number facts. In the area of
student performance, instructors' persistent use of word problems throughout the school
year correlated with higher problem-solving achievement for their students than the
students in the other group. And yet, no apparent differences were found between the two
groups' performances on addition and subtraction number facts. Thus, this research
provides support for the study of teachers' beliefs about learning as fundamental and
essential for understanding their teaching and student achievement.
In summary, mathematical thinking as defined in this investigation presents new
demands on teachers as learners. To adopt the kinds of teaching practices advocated by the
National Council of Teachers in Mathematics, teachers must consider how their prior
background and conceptions of mathematics fit with this way of doing and thinking about
mathematics (1989; 1991). Unfortunately, one of the consistent findings of the studies
presented here is that teachers' own mathematical understandings and conceptions reflect
the way that they were taught in school—that is, as a body of rules and procedures. And
although many teachers desire to understand mathematical meanings and concepts, they are
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limited by inadequate backgrounds. Those programs and projects which attempt to bridge
this gap provide a glimpse into the enormity of this task. They point toward the need for
further theoretical and empirical research to understand which experiences and supports can
help teachers weave together a new vision of mathematics. This study may contribute
toward that body of literature by examining the particular interaction between teachers'
mathematical thinking about fractions and their conceptions of mathematics.
Section 2: Theories of Intellectual Development in Adults
More fundamental than teachers' understandings and conceptions of mathematics are
their beliefs about the nature of knowledge. This section presents the theoretical
frameworks of adult cognitive development used to describe this phenomenon. Based on
Piaget's theory of epistemological development, these models explore how people's
assumptions act as a series of lenses which filter their experiences of the world. Intellectual
maturation is defined as movement through a hierarchical sequence of stages representing
more advanced, complex and differentiated ways of reasoning (Rogers, 1980).
Some theorists have challenged the notion of a unitary structural hierarchy arguing for
the inclusion of perspectives on human agency and socio-cultural context (Fischer, 1980;
Rogoff, 1990; Biddell, 1991). These points of view are particularly relevant to the present
study because our society does not encourage women's entry into the field of mathematics.
Consequently, what underlies teacher change in the SummerMath for Teachers Program is
teachers' reconceptionalizations of themselves as mathematical thinkers. Those theories
which were most germane to this study, which deals with the past and present experiences
of women mathematics teachers, capture women's qualitative, personal expressions of
epistemological development.
Perry’s Scheme
Research on epistemological growth in adults extended developmental theory beyond
Piaget's stage of formal operations, a period of intellectual maturity achieved during late
adolescence. Much of the work in this area is derived from William Perry’s longitudinal
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studies of male Harvard undergraduates' changing perspectives on nature of knowledge
and authority (1970). In his book. Forms of Intellectual and Ethical Development in the
College Years, he described "... a common sequence of challenges to which each student
addressed himself in his own particular way" (p. 8). He gathered this information by
simply asking these students to talk about what stood out for them during the past year.
The scheme evolving from this data proposed a progression of nine positions.
In the first three positions "... a person modifies an absolutistic right-wrong outlook
to make room, in some minimal way, for that simple pluralism we have called Multiplicity"
(p. 57). One issue that becomes difficult for students during this transition is determining
which of several alternative solutions the professor really wants. Early in this sequence
students identify getting the "right" answer as their goal; at the end of this period, they
begin to realize that diversity of ideas is legitimate in areas where right answers are
temporarily unknown.
In Positions 4, 5, and 6,"... a person accords the diversity of human outlook its full
problematic stature, [and] transmutes the simple pluralism of Multiplicity into contextual
relativism" (p. 57). Initially, students dethrone their professors' authority—one opinion is
perceived as equally worthy as another point of view. The resulting criteria for judgement
appears vague and uncertain. Development proceeds as students' understandings assume a
contextualist's perspective where the basis for evaluation is illuminated by different
viewpoints. Recognizing the "relative, contingent, and contextual" nature of knowledge is
at the highest point of intellectual growth (p. 57).
In each of these transitions there is the potential for feelings of loss and pain to
accompany feelings of growth and independence. Perry illustrates this point with a story
about a student who begins to see diversity within mathematics, a subject matter traditionally
taught in a highly procedural manner (1981).
I was told of an extreme instance by a professor of mathematics who
remarked to me after a meeting that he now understood the breakdown of a
freshman to whom he insisted that there were indeed three equally good
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ways of finding the answer to a given problem. 'I didn't even tell him there
were other answers-just three ways of finding the answer—and he went all
to pieces.' (p. 109)
The final stages of Perry's model. Positions 7, 8, and 9, reflect qualitative more than
structural properties. Perry believes that development continues as students attempt to
make sense of the contradictions and paradoxes in higher levels of thought. His "dialectical
logic of Commitments" encompasses such seeming polarities as "wholeheartedness versus
tentativeness," "focus versus breadth," "stability versus flexibility," and "action versus
contemplation" (1981, p. 96). The importance of Perry's scheme for the present research
was its foundational work in addition to its richness in description, especially in the last
positions.
Initial Extensions on Perry's Scheme
Further explorations on Perry's model initially sought to determine the overall integrity
of his proposed sequence and its applicability for the basis of classroom instruction. A
prevailing assumption of this research was that women's epistemological experiences were
similar to men's experiences and studies which reported their results using Perry's model
found no significant gender differences in performance (Perry, 1981; Taylor, Moore,
Knefelkamp & Fitch, 1984, cited in Baxter Magolda, 1987).
Research on Kitchener and King's (1981) Reflective Judgement Model (RJM), one
particular adaptation on Perry's scheme, offers more information about gender differences.
The RJM consists of four dilemmas, one in each of the subject areas of science, world
affairs, religion, and history. The authors state that while their format allows their
respondents’ ways of reasoning to emerge, the interviewer also probes their thinking more
deeply about the nature of knowledge, the evidence used to justify their beliefs, and the role
of authorities in making judgements.
Kitchener and King note eight studies which assess the separate performance of men
and women using the RJM (cited in Baxter Magolda, 1987). Significant gender differences
appear in four of these cases using this assessment, the typical pattern showing that male
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students achieved higher ratings of intellectual development than female students. There is
some evidence, however, indicating that reentry women students acquire ways of
reasoning similar to what is measured by the RJM through other life experiences, for
example, in everyday decision-making (Schmidt, 1985; Glatfelter, 1982). Unfortunately,
little is reported about the specific nature of these experiences and their influence on
epistemological perspectives.
Background to Women's Wavs of Knowing
Of greater importance to this study than the research presented above are investigations
which explore qualitative rather than quantitative patterns in men's and women’s
epistemological development. Only in these latter works do some of the complexities in this
picture begin to unravel. The qualitative method in epistemological development evolves
from the model of moral development proposed by Carol Gilligan (1982). Initially she
had tried to categorize women's ideas about moral judgements into theories of morality
developed from data with boys and men (Kohlberg, 1981). This perspective relied on
using impartial and impersonal principles to resolve disputes. When Gilligan abandoned
this structure, she was able to build a different theory of morality around notions of
responsibility and care based on interviews with girls and women. This perspective
emphasizes the relevance of the context of personal relationships when making decisions
about moral issues. Employing the metaphor of voice, it describes how development
occurs through talking, listening, and sharing.
One of Gilligan's questions which distinguished between male and female patterns of
response was the classic Heinz dilemma: Heinz's wife is dying and he doesn't have the
money to buy the medicine that she needs. Should he steal the drug? Her male informants
believed that he was justified in stealing the medicine because saving a human life
outweighs the consequences of a theft. Her female participants, however, thought that
Heinz might discuss his problem with the druggist as well as consider how a possible
prison sentence might affect his future relationship with his wife. The former perspective
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relies on an abstract hierarchy of justice, whereas the latter view focuses on the well-being
or welfare of others.
Researchers who began to explore epistemological development in women also found
that their informants' experiences were not adequately described by models based largely
on accounts from men. Benack (1982) initially tried to modify Perry's scheme with a more
elaborated and differentiated coding system. However, her interview data from 30
undergraduate and graduate students (18 women and 12 men) showed that the women's
patterns of thought seemed like "hybrid ratings" (p. 12) which "cut across Perry's
categories" (p. 17). Though the women in her sample actually used forms of relativistic
thinking, they articulated absolutist notions of truth and value. Another characteristic of
this group was their overall hesitancy to challenge, or even to oppose, the ideas of others.
These themes also emerge in Clinchy and Zimmerman's (1982) research which pursued
how the basic assumptions of Perry's model might fit with the experiences of women.
Similar to his methods, they employed a longitudinal-sequential design at a prestigious
educational institution, Wellesley College. However, they conducted semi-structured
interviews to elicit more precise and detailed responses from their students.
The most important contribution of Clinchy and Zimmerman's study to subsequent
work in this area is their attention to the development of agency in women's thinking-"the
capacity to decide and to act and to trust one's decisions and actions" (p. 30). A person's
epistemology, they believe, is one of the factors affecting her ability to become an active
agent. In the early stages of development, they note that while students express themselves
with conviction and certainty, they are also "profoundly passive" (p. 4). The views that
they espouse are not their own, but merely imitations of those in authority.
Although women students' thinking becomes less dependent as development proceeds,
their initial inability to frame a situation from a different perspective keeps them inactive
spectators. "She simply 'exposes herself.. .to the passing parade and waits for some item
in the parade to 'turn her on'" (p. 9). Intellectual maturity for women returns them to
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involvement with others, giving them a sense of themselves "in imaginative contact with
other minds" (p. 18).
Women's Wavs of Knowing
Belenky, Clinchy, Goldberger and Tarule (1986), in Women's Wavs of Knowing: The
Development of Self, Voice and Mind, build on the concept of agency as described by
Clinchy and Zimmerman. Belenky et al. employ the metaphor of voice, to "acknowledge
the role the knower plays in the construction of knowledge" (p. 19). This particular theme,
".. .reverberated throughout the women's stories of their intellectual development" (p. 16).
Their adoption of this image further links this work in intellectual development with
Gilligan's exploration of a "different voice" in moral development. Like Gilligan, Belenky
and her colleagues felt that comparing women's experiences with men's experiences might
fail to detect overarching themes in women's understandings. Consequently they decided
to reconstruct the model of intellectual and ethical development from "women’s ways of
knowing."
Through their work with adolescents and adults in educational and clinical programs,
Belenky et al. noted the difficulties women expressed in pursuing academic work and in
asserting their own authority. To gain insight into the origin of these problems, the authors
conducted in-depth, semi-structured interviews with a total of 135 women over a five year
period. Their questions probed participants' thinking not only on issues in intellectual and
moral development, but also about relationships and educational experiences. Informants
were selected from two types of settings; 90 women were enrolled in, or recent alumnae of,
a formal academic institution, and 45 women were clients seeking assistance with parenting
skills in "invisible colleges" 2 (p. 12).
Belenky et al. document five epistemic perspectives that range from silence to
constructed knowledge. Due to the wide diversity in their participants' socioeconomic
backgrounds, the authors "leave it to future work to determine whether these perspectives
have any stagelike qualities" 3 (p. 15). The first position, silence, is taken from
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retrospective accounts. These portrayals are the book's most vivid; they tell stories of
women's experiences dominated entirely by external authorities. In this state of "extreme
denial of self' (p. 24), these women have no sense of their inner voice. Received
knowledge, the second perspective, is similar to the beginning stages in Perry’s and
Clinchy and Zimmerman's research, though the women in Belenky et al.'s stories
demonstrate more dependence in learning than noted in these previous two studies.
The third perspective, subjective knowledge, departs most radically from Perry's
scheme. The students in Perry's sample differentiated between truths that were known and
truths that were temporarily unknown. Belenky et al.’s participants view all knowledge in
the latter category. Their reorganization of this perspective builds upon an observation also
noted in Clinchy and Zimmerman's study-that women equate thinking with feelings. They
conceive knowledge through "gut feelings": intuition, common sense, and personal
experiences. Additionally, like Clinchy and Zimmerman's and Benack's studies which
focus on women's qualitative expressions, Belenky et al. describe women's hesitancies in
expressing their opinions and in judging others. They attribute this concern to their
participants' fears of separating themselves from others.
Belenky et al. identify two distinct subprocedures for acquiring the voice of reason in
procedural knowing, their fourth perspective. The first type, separate knowing, follows
the general pattern proposed by Perry where truth is based on the formal, academic model
of objective and dispassionate thought. Learning the rules of critical thinking involves
developing powerful arguments which adhere to the standards of impersonal authority.
However, for other women in their study, this adversarial approach to learning was not the
predominant mode. In the other subprocedure, connected knowing, people value personal
experience and collaboration with other learners.
The last perspective, constructed knowledge, parallels the higher stages of both Perry's
and Clinchy and Zimmerman's research. Belenky and her colleagues characterize this
perspective as an integration of the voices. More than just using separate and connected
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procedures together, these women have become acutely aware of their own role in the
construction of knowledge. It is important to note here that Belenky et al.'s use of the term
constructivism differs from Piaget's theory as described at the beginning of this chapter.
According to Piaget, learners make their own meanings throughout all stages of cognitive
development. Belenky and her colleagues, on the other hand, acknowledge the conscious
occurrence of that process only in the perspective of constructed knower.
Belenky et al.'s model is well-suited to the present research for two reasons. Firstly,
this scheme reflects women’s instead of men's ways of knowing because the authors
replicated Perry's methodology using women informants exclusively. This is important
because the present study explores the experiences of women as learners. Secondly,
Belenky et al. identified issues of authority and empowerment in learning. This is germane
because, for the most part, women have been excluded from the field of mathematics, and
therefore, they have difficulty imagining themselves as experts in this area.
The significance of these concerns became clear in my pilot study. Ella's description of
the way she learned things was similar to the women in Belenky et al.'s research who used
connected and constructed modes of reasoning. Yet, prior to her experience at
SummerMath for Teachers she viewed mathematics as merely "rote memorizations" and
"meaningless computations." In stark contrast, I now noticed that Ella intertwined her
personal life with her understandings of mathematics. In her journal writing she strived to
"integrate the voices" by exploring thoroughly her feelings about learning this particular
subject. Her recollections about her relationship with her father, and about her friendships
with other people contributed powerfully to her vision of herself as a mathematical thinker.
Extensions on Women's Wavs of Knowing
To learn more about the differences between Perry's and Belenky et al.'s findings,
Baxter Magolda examined the changing epistemological assumptions of 101 men and
women students through their college years (1987, 1988, 1991). She interviewed each
participant on a range of topics: the role of the learner, the role of instructors and peers in
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learning, how they perceived evaluation of their work, the nature of knowledge and their
educational backgrounds. The data was analyzed according to the Measure of
Epistemological Reflection (a Perry-derived instrument which now includes accounts from
both women and men) and was presented in both quantitative and qualitative case-study
forms.
Baxter Magolda concluded from her findings that while men and women students differ
with respect to stylistic patterns and rates of change, they were similarly matched in terms
of epistemological complexity. Stylistic differences were characterized as the preferences
of her men students for "separate ways of knowing"- impersonal and independent
thinking-versus the preferences of women students for "connected ways of knowing"-personal and collaborative learning. She referred to these distinctions as "gender related"
because women and men students also incorporated patterns of the other gender.
In Baxter Magolda's view, these studies support Belenky et al.'s theory that women are
at a disadvantage in most college settings because these institutions promote independent
and self-reliant activities. On the other hand, men students thrive in such learning
situations which challenge them to express their own ideas. These findings may bear some
relationship to the findings in earlier studies which reported that women students scored
lower than their male counterparts on Perry-derived measures of intellectual development
(Kitchener & King, 1985).
Of further significance to the present research is Buerk's descriptions of her own
classroom practice because she focused on women's issues of empowerment and authority
in learning mathematics (1986a & 1986b). In her courses at Ithaca College, she attempted
to help "math avoiders" (1985, p. 64); women whom she characterized as avoiding the
subject because they saw it as impersonal and absolutist. "For many, mathematics is a sea
of right answers with right methods and exact symbols" (1986a, p. 27). Because
mathematics was taught this way to her students, they lacked engagement and connection
with the subject's ideas.
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By applying the theories of Perry, Gilligan, and Belenky et al., Buerk developed a
pedagogical approach which encouraged her students to build their own conceptions of
mathematics and addressed the larger concern of how to create a mathematics curriculum
responsive to women's needs (1986a). Her class discussions provided opportunities for
students "to ask questions about the meaning of the problem, to clarify any puzzling terms,
and to share the mental images that the problem brought to mind" (p. 28). She believed
that this "experiencing" (p. 28) process helped them to make their own sense of the material
and gain their own "mathematical voices" (1986b, p. 4). In addition, and for this same
purpose, her students reflected on their feelings as well as their ideas about learning
mathematics through journal writing.
Based on her experiences teaching these kinds of courses, Buerk concluded that many
of her students:
feel freed from the tyranny of someone else's method and realize that
mathematics can be understood, that it was created by people and people
continue to refine it, that rules exist and can make sense, that several
methods may exist for a solution and none is more "right" than another-that
in fact the one best for an individual is the one that is most meaningful to
that individual. (1986a, p. 29)
Both Buerk's and Baxter Magolda's research provide further support for Belenky et
al.'s notion of women students' needs for a connected mode in contrast to a separate mode
of learning. In addition, the educational approaches described by these authors are similar
to the teaching practices of the SummerMath for Teachers staff.
Weinstock looked at the application of Belenky et al.'s theory with respect to the
association between women's epistemological perspectives and their conceptions of
conflicts with friends and authorities (1989). Though she elaborated on the Women's
Wavs of Knowing coding system to describe her data, Weinstock still felt that it masked
the more subtle relationships among these forms of thought. She believed that her choice
of an alternative type of presentation, two case studies, more readily captured the
complexities and qualitative distinctions in these categories.
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For instance, Weinstock identified one student's reluctance to oppose her friends'
opinions while, on the other hand, she readily took an opposing stance with authorities.
This student was unwilling to take risks with her personal relationships that she could do in
more distant relationships. Thus, her interactions with friends reflected a subjective
knowing perspective, whereas in her interactions with authorities corresponded to a
procedural knowing perspective. On the basis of her analysis Weinstock concluded:
it seems that whether relationship conceptions or experiences facilitate or
inhibit more complex epistemological perspectives, epistemology seems to
be intricately tied to relationship, (p. 61)
As an extension to Weinstock’s theory, the present research seeks to explore how teachers’
perceptions of authorities in the mathematics community affects their notions of themselves
as mathematical thinkers.
In addition, Weinstock's as well as Baxter Magolda’s methodological considerations
bear significance for my use of all the models presented in this section. Like them, I
believe that the research on adult intellectual development is most applicable as a set of
descriptors because strict adherence to an established scheme that is broad in its scope,
such as that offered by Belenky et al., often overshadows the fine distinctions in a
formative area of study. Thus. I adopted the developmental discovery processes and
developmental frameworks of Perry and Belenky et al., not their coding structures, in my
case-study presentation of four women mathematics teachers. I also adapted the interview
protocol of the latter work to elicit developmental-sensitive data about teachers' views of
mathematics and of themselves as mathematical thinkers. More specific information on the
data-analysis procedures are presented in Chapter 3.
In conclusion, this literature suggests that a connected teaching approach in
mathematics may benefit women students. Not surprisingly, its emphasis on research with
traditional-aged students in their early college years has created a gap in the exploration of
the later developmental perspectives. This research provides a more detailed picture of
women who are established in careers. Of particular interest is the role the knower plays in
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the construction of knowledge, specifically in terms of the integration of connected and
separate procedures. The study explores the kinds of life experiences, feelings, and
intuitions that women teachers draw upon to revisit and revise their thinking about
mathematics. In the following section I pose specific research questions which address the
issues raised throughout the literature review.
Section 3: Dissertation Research Questions
The existing literature noted in the previous two sections does not offer an overarching
framework for the discussion of both mathematical thinking and ways of knowing.
Kitchener, however, has developed a scheme for integrating these related perspectives—
cognitive, metacognitive, and epistemic cognitive phenomena (1983). She defined
cognition as the first level of basic thinking skills and processes, emphasizing its role for
solving ill-structured problems as opposed to puzzles. Ill-structured or novel problems
have multiple solution paths and possible answers, whereas puzzles are well-structured
problems with single right answers. Metacognition, the second level, is consistent with its
usage as described in the mathematical education literature (Section 1). It involves the
strategies individuals employ to control and monitor their work on a cognitive task. The
third level, epistemic cognition, relates more broadly to one's beliefs about the validity of
truth and the nature of knowledge. It concerns "knowledge of whether our cognitive
strategies are sometimes limited, in what ways solutions can be true, and whether
reasoning correctly about a problem necessarily leads to an absolutely correct solution" (pp.
226).
In addition, I attempted to capture only the current phase of teacher development in this
research. Although collected data from past sources, such as previous journal writings and
interviews, my goal was to gain a full picture of their individual experiences rather than to
portray an accurate progression of their changing beliefs. For this reason, the following
questions focused on phenomenological information.
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The central question examined by the cognitive and metacognitive perspectives was:
What cognitive skills do SummerMath for Teachers women participants use to explore
fractions and how do they reflect upon and monitor their thinking? To gather information
on this topic, I asked participants to write word problems about fractions corresponding to
the four basic numerical operations: addition, subtraction, multiplication, and division.
This task was an ill-structured problem because numerous mathematical explorations may
arise during the course of attempting to solve it. The cognitive research questions from this
activity included:
1. What background knowledge about fractions did teachers bring to this task?
2. Which representations and strategies did they presently find effective?
3. Which problem-posing strategies clarified their understanding of the topic?
4. What constituted the "productive messiness" (Duckworth, 1989, p. x) of this process?
5. What were their current standards forjudging "good" problems?
The metacognitive issues raised in this task brought to bear the following task-specific
questions for the research:
1. How did teachers actually use problem-posing skills to learn mathematics?
2. What metacognitive strategies did teachers employ?
3. What was the observable or described role of affect in mathematical thinking?
The primary epistemological question examined by the study was: What were teachers'
ways of knowing in general and in mathematics in particular? This information was
obtained from the participants' own accounts of their ideas on the acquisition and structure
of knowledge in general and more specifically, in mathematics. It also incorporated
insights from observations of their work on the mathematical task. Some of the research
questions arising from this perspective were:
1. How did teachers describe themselves as thinkers? as mathematical thinkers?
2. How did teachers view individuals in positions of authority? What sense of control did
teachers perceive they have over life events?
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3. How did teachers resolve conflicts with friends? with individuals in authority?
4. How did teachers describe their overall epistemological points of view?
conceptions of mathematics?
5. What were some of the relationships between ways of knowing generally and ways of
knowing mathematics?
6. What were teachers beliefs about the role of gender in learning mathematics?
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Notes
^Ball and Prawat did not mention the name of the specific program which was studied
in their report. I obtained this information in a telephone conversation with D. Ball on May
24, 1991.
^The programs at the invisible colleges were frequently designed and managed by
women around issues of teaching and learning maternal practice. Belenky et. al. hoped to
distinguish a more authentic women's voice in this kind of institution than in the male
dominated formal educational system.
^This statement by the authors was met by mixed reviews. One account refers to this
statement as a "pulled punch" (Neustadt, 1986, p. 38) because Belenky et al. fail to link
their work to a developmental framework. Conversely, another reviewer believes that it is
to their "credit" that they "shy away from an explicit claim for a 'linear sequence of
development' " (Stone, 1987, p. 308).
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CHAPTER 3
DESIGN OF THE STUDY

Overall Approach
I conducted qualitative case studies of teachers' mathematical thinking to understand
how they integrate content and beliefs. Research of this kind is not typical of most inquiry
in mathematics. Traditional methods in this field adhere to the "scientific" or quantitative
paradigm which focuses on measuring and gathering facts about the world. This
perspective assumes that there is an external, objective reality (Merriam, 1988). Questions
aligned with quantitative methods ask such information as "how many,"how much" and
"how distributed."
In contrast to these types of questions which refer to, for example, "how well"
(Everhart, 1975, p. 208, cited in Rogers, 1984, p. 89) a particular program, or individual
is doing according to specific standards, my research question asks "how" (Everhart,
1975, p. 208, cited in Rogers, 1984, p. 89) people make meaning from a particular
phenomenon-//ow do teachers make sense of a task in relation to certain aspects of their
thinking? In this constructivist approach to mathematics instruction, the emphasis is on
both the processes as well as the products of knowledge (Piaget & Inhelder, 1969). A
qualitative case study design is ideal for exploring this perspective of mathematics learning
because it seeks to uncover the "meaning for those involved" and the "process rather than
the outcome" of a specific situation (Merriam, 1988, p. xii). Like the theory of
constructivism itself, the qualitative paradigm is based on the assumption that multiple
realities exist. Reality reflects the experiences of people; data consist of their internal,
subjective accounts of an event, individual or setting.
The nature of the study was both exploratory and descriptive; it entailed a preliminary
search for relevant variables and future research directions. The primary data collection
methods consisted of in-depth interviews, observations and previous journal writings. The
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analysis of these data proceeded inductively by identifying patterns and themes in the data
to build "grounded" theory (Glaser & Strauss, 1967).
Limitations of the Study
There were several limitations to this study which should be brought to the attention of
its readers.
1. All of the participants were women who were similar in age and class, ethnic,
educational, and geographic backgrounds.
2.1 observed only one aspect and instance of teachers' mathematical thinking. Because I
recognized that this is a complex phenomenon, I did not attempt to generalize from this
experience to broader skills in this area.
3. My ways of knowing data relied exclusively on the subjective reports of the participants.
And although I attempted to link this information with examples of mathematical thinking, I
did not observe other learning situations, interactions with peers or with people viewed in
authority, or the teachers in their own classrooms.
4.1 did not take an explicitly social or psychological perspective to understand this topic.
Yet the focus of this study involved how these perspectives influence cognitive
development.
5.1 did also not delve into teachers' experiences with other classroom subjects such as
"hands-on science" and "whole language." But the focus of this study involved how these
related experiences may affect teachers' mathematical thinking.
6.1 conducted phenomenological interviews with only a small number of participants from
one inservice teacher education program which emphasized an innovative approach. These
methodological constraints limited my ability to generalize from these participants to other
participants in the program as well as from this program to other inservice teacher education
programs in mathematics. However, the strength of the phenomenological perspective lies
in its attempt to uncover and to provide a rich description of a participant’s experience.
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The Setting
The setting for the research on the development of mathematical thinking is the
SummerMath for Teachers Program. This program consists of several components in
teacher education: intensive two-week summer institutes; semester-long coursework; and
follow-up in teachers' classrooms throughout the school yearJ The SummerMath for
Teachers Program serves elementary, middle and secondary school teachers from local
school districts and from all parts of the United States. The program also offers
scholarships for teachers from ethnically diverse backgrounds, and most participants, as in
the teaching profession, are women.
Participants work on mathematical tasks in a classroom environment which
acknowledges that learners construct their own conceptual understandings of the subject
matter. Then they are asked to reflect on their affective as well as intellectual responses to
these experiences. Through such interventions as journal writing, small-group and class
discussions, teachers attempt to make sense of this new learning in terms of their personal
backgrounds and deeply ingrained beliefs about practice. Deborah Schifter, the Director of
SummerMath for Teachers, explains the rationale behind this strategy:
If we want teachers to make instructional decisions based on a coherent
view of the nature of the learning process rather than by mechanically
applying newly fashionable teaching strategies, inservice programs must
furnish their participants with opportunities to actively construct for
themselves richer pictures of mathematics and mathematics learning and
teaching. (Schifter, 1991, p. 3)
This type of teaching requires significant and fundamental change in teachers'
understanding of content and ideas about mathematics and learning. My study sought to
understand how teachers might make this transition into thinking about mathematics in a
new way.
Data Collection Methods
Because little is known about the process of teacher change with respect to the current
reforms proposed by the National Council of Teachers of Mathematics (1989, 1991), it is
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important that the teachers themselves tell their own stories. How do they integrate this
program's philosophy into their own learning and beliefs? Which issues become central to
them? How do they portray their struggles and successes? Due to the nature of these
questions, their answers required a qualitative approach; "research that delves in depth into
complexities and processes" (Marshall & Rossman, 1989, p. 46).
I gained some "depth" in my own understanding of the SummerMath for Teachers
Program through a prolonged period of fieldwork in this setting. During this time I
participated in three semester-long courses, several workshops and two summer institutes.
I also read teachers’ journals, listened to audiotaped interviews, and attended staff
meetings. My role in the classroom setting was defined somewhat flexibly; I functioned at
various times as a participant, observer or teacher's assistant. Throughout all activities my
identity as a researcher was fully disclosed, and I obtained written consent forms from
every teacher whose materials I reviewed. My fieldwork became a kind of "guided
participation" (Rogoff, 1990, p. 8); it provided me with my own insights into, and
personal experiences with, constructivist teaching and learning.
For this research, I initially acquainted myself with the participants’ personal
experiences by reviewing their previous journal writings, assigned papers and any
interviews in which they participated. Reading their reflections helped me understand their
perceptions as they initially reconceived ideas about content, learning and teaching. Selltiz,
Jahoda, Deutsch, and Cooke (1959) note that personal documents allow a glimpse into "life
as it is lived without the interference of research" (quoted in Merriam, 1988, p. 111).
The insight I obtained from these sources contributed background information for my
phenomenological interviews with each participant. Because I adopted a
phenomenologists' perspective, I was interested in "...examining] how the world is
experienced" (Bogden & Taylor, quoted in Patton, 1980, p. 45). Oakley believes that
interviewers should aspire toward mutual, nonhierarchical relationships with their
interviewees. She states that too often traditional interviews promote "psuedo-
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conversations" (1981, p. 32) because interviewers walk a "tightrope" when they attempt to
balance "between the warmth required to generate 'rapport' and the detachment necessary
to see the interviewee as an object under surveillance ..." (p. 33). I employed Oakley's
method of interviewing which meant responding openly and honestly to participants'
concerns. I believed that this kind of interaction is necessary because ".. .personal
involvement... is the condition under which people come to know each other and to admit
others into their lives" (p. 58).
There were two protocols for observing teachers' mathematical thinking. I used the
first protocol with teachers whose experience with the program exceeded two years. These
teachers previously worked on their understandings of fractions in conjunction with
composing their own fractional word problems at SummerMath for Teachers. During the
course of this research they were asked to write additional examples (Appendix A~
Cognitive Interview Guide) and to reflect on the significant features and concepts in those
examples as well as their process of their thinking (Appendix B-Metacognitive Interview
Guide). This session was audiotaped and transcribed in full.
Those teachers with less than two years of program experience had not worked on their
understanding of fractions at SummerMath for Teachers, and they were asked to create
word problems about fractions with a partner. Research supports the technique of working
in pairs to help novice learners verbalize their problem-solving strategies (Schoenfeld,
1985). I videotaped their interaction because these visual data enabled me to distinguish
between each participant's verbalization of the task and written work, as well as to record
their nonverbal expressions. Immediately following this task, I encouraged them to further
clarify their thinking. This phase of the interview concluded in the same manner as the
interview above; that is, I asked some general questions about their cognitive (Appendix A-Cognitive Interview Guide) and metacognitive strategies (Appendix B-Metacognitive
Interview Guide). These conversations were videotaped and transcribed. Thus, both of
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the above protocols followed Kitchener's scheme for the separate assessment of cognitive
and metacognitive skills (1983).
I also conducted semi-structured interviews on the topic of epistemic cognition.
Kitchener's third and last level of cognitive processing. This interview examined teachers'
values and beliefs about thinking and learning. I chose the semi-structured format because
while I reserved the "right to follow the compelling question, the nagging puzzle , that
presents itself once in the setting" (Marshall & Rossman, 1989, p. 81), I also wanted to
focus on a specific aspect of their epistemic cognition.
The epistemic-cognitive interview (Appendix C-The Ways of Knowing Interview
Guide) is adapted from Belenky and her colleagues' book, Women's Wavs of Knowing:
The Development of Self. Voice, and Mind (1986). They refer to their approach as
"phenomenological" because it "is built around an open and leisurely interview that
establishes rapport and allows presuppositions and frames of reference of the interviewee
to emerge" (p. 10). The following topics were covered in the interview guide: educational
background; the role of learning in the SummerMath for Teachers Program; ways of
knowing; and gender issues in learning mathematics. I used a revised ways of knowing
form to explore this topic more fully (Clinchy,1990).
All of the interviews on teachers' epistemic cognition were audiotaped and transcribed
verbatim, and each participant was sent a copy of this transcription. At this time, she had
the opportunity to indicate what she felt was most salient and to provide further comments
on the meaning of her responses. In addition to the transcribed data, I took informal notes
during and following the interviewing process and of any telephone conversations.
Sampling Strategy
I used a purposeful sampling technique to select participants who helped me learn about
my topic. "Purposeful sampling is used as a strategy when one wants to learn something
and come to understand something about certain select cases without needing to generalize
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to all such cases" (Patton, 1980, p.100). This method allowed for rich and thick
description of a particular phenomenon.
Because of the in-depth picture I intended to gain, I limited the size of the sample to
four participants. I asked both the director and assistant director of the SummerMath for
Teachers Program to help me determine which participants would be the most desirable for
the study. The criteria for this sample included: 1) teachers who were identified as
"successful" in working toward the program's aims, 2) teachers who demonstrated a
willingness to engage fully with the subject matter, and 3) teachers who examined their
experiences openly.
Data Management
I created a separate file for each participant's data. This folder contained a copy of their
journals, transcribed interviews, audiotapes and videotapes (in some cases) of those
interviews, and various secondary data sources such as notes made during and after the
interview, and records of our telephone conversations. Each entry was labelled at the top
of the first page with the participant's name, and the date, time and location of the event.
All copies were paginated in numerical order. I made two copies of a teacher's journal: a
clean copy and a copy with my thoughts. For the transcribed interviews I retained three
copies; one for each of the reasons just stated and an additional copy with the participant's
comments. Any notes that I wrote on the computer included a master copy on the hard disc
as well as three back-up copies.
Data Analysis
The approach for organizing the data was holistic and inductive. "Inductive analysis
means that the patterns, themes and categories of analysis come from the data; they emerge
out of the data rather than being imposed on them prior to data collection and analysis"
(Patton, 1980, p. 306). Glaser and Strauss (1967) note the following general procedures
in their constant comparative method: identifying categories from the data; developing
theory based on these cateorgies; and testing this theory against the data.

40

I adapted a qualitative framework similar to the methods that Belenky et al., Weinstock
(1989) and Baxter Magolda (1991) employed to analyze their data. First I reread all of my
primary sources-joumal entries, interviews, and observations-in the order of their
occurrence. Then I read these documents again slowly to search for themes and patterns
which reflect each participant's mathematical thinking and ideas about the nature of
knowledge and of herself as a knower. I chose relevant excerpts from the data, and sorted
them according to an evolving categorical structure. Next I reexamined the original
documents to check for any neglected, salient features in each participant's story and used
this insight to reshape the classification scheme. For the sake of economy and ease of
reading, I paraphrased much of the data and wove excerpts of the teachers' own words into
that report. I believe that this method allowed for a blending of the uniqueness of each
participant's individual case and of a comparison among their stories.
Trustworthiness
Lincoln and Guba note four measures of soundness and worth in the qualitative
paradigm: credibility; transferability; dependability; and confirmability (1985). These
standards were a useful way for guaranteeing trustworthiness in the study. What follows
were the strategies I used to satisfy these criteria throughout the research.
Credibility in a qualitative design refers to the accuracy and authenticity of the
researchers' portrayal of participants' viewpoints. To address this concern, I presented
mathematical thinking and ways of knowing by employing numerous examples described
in the participants' own words. Moreover, the data-gathering methods included membercheck activities for comparing the participants' interpretations with my own
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understandings. For example, I asked each participant to review her transcribed interviews
to give further clarification of her thoughts. Member checking is one aspect of convergence
or triangulation of the data (Lincoln & Guba, 1985). By reporting from more than a single
source, I reduced biases in the data. The use of multiple methods for the purpose of data
triangulation had a powerful effect throughout every phase of trustworthiness in the study.
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While trying to record precisely each participants' ways of meaning-making, I also
considered the credibility of the design when I assessed how my own background,
perceptions, and interests might have interfered with the accuracy of the data. Lincoln and
Guba (1985), Merriam (1988) and others note that a researcher’s subjectivity can distort the
data, rendering that account merely an autobiographical reflection of her own thoughts and
feelings. To "tame" (Peskin, 1988, p. 20) one's subjectivity, Peshkin advocates that
investigators examine their own prejudices thoroughly. Krieger adds that after identifying
her own biases, she uses her subjectivity to help her make sense of her data (1985).
The great danger of doing injustice to the reality of the 'other' does not
come about through use of the self, but through lack of use of a full enough
sense of self which, concomitantly, produces a stifled, artificial, limited,
and unreal knowledge of others, (p. 320)
I monitored and recorded my personal assumptions systematically to "engage with my
data at the same time as 'separating out' a sense of myself (Krieger, 1985, p. 320). I kept
a journal for this purpose, and with the permission of the teachers in my study, I shared my
data and interpretations with another past participant of the SummerMath for Teachers
Program.
Kennedy pointed out the limitations of case-study design in terms of the second
construct, transferability (1979). Transferability involves the relevance of one study's
findings to another topic under investigation. Because the size of my sample was small and
the nature of the interviews was phenomenological, I recognized that the research cannot be
generalized to other programs that offer inservice teacher education in mathematics.
However, the research was tied into a theory of practice based on constructivist
teaching, and this school of thought influenced methodological decisions that I made
throughout the study. According to Marshall and Rossman (1989), by defining
research parameters ... [t]hen those who make policy or design research
studies within those same parameters can determine whether or not the cases
described can be generalized for new research policy and transferred to
other settings . .. (p. 146)
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For this reason, readers of this study who also base their work on constructivist theory
may find applications to their own individual situations or settings.
The next construct, dependability, addresses how the study accounted for changes in
the subject under investigation. The assumption underlying this construct is quite different
from the notion of an "unchanging universe" (Marshall & Rossman, 1989, p. 146) as
expressed in quantitative research. The latter kind of research seeks to affirm the reliability
of its data. In contrast, qualitative designs assume that changes are inherent in the field of
interest. Consistent with the interpretative mode, this researcher recognizes that the datagathering techniques only portrayed part of each teacher’s story, and that description
reflected only one instance of her evolving perspective. Thus, it is unlikely that other
studies using the same design even in the same setting would arrive at exactly the same
conclusions. But to insure the requirement of this research in terms of its own consistency,
I frequently returned to the original sources of my data to provide a systematic check on the
contexts of the teachers' experiences with my own interpretations.
The last strategy I employed which contributed to the soundness of the study was
auditing. A sense of confirmability in the data, or the extent to which another researcher
can confirm the original study's findings, can be met by providing detailed and systematic
record keeping. The purpose of this account is to assist others in evaluating the
researcher's methodological choices through establishing an "audit trail" (Lincoln and
Guba,1985, p. 319). While the intent of this procedure is to permit an external auditor to
follow an investigator's decision-making, I kept such a journal during the dissertation
primarily for the purpose of assessing my own process and interpretations.
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Ethical Considerations
Merriam states that ethical conflicts most likely occur during data collection and after the
report is completed (1988). She cautions that it is difficult to anticipate how a study might
cause potential harm to a participant because the case study design relies on analysis that
emerges from the data. Although the process of mathematical thinking was familiar to all
participants, the task I chose was complex and conceptual. And while the Wavs of
Knowing interview asks about one's personal experience, people were not usually
accustomed to discussing their ideas about thinking and learning.
Given these circumstances, the design tried to take these factors into account. I selected
participants who had demonstrated previously that they were capable mathematical and
reflective thinkers. The consent forms (Appendix D—for participants who were audiotaped
only, and Appendix E-for participants who were videotaped as well as audiotaped) insured
their anonymity, further acquainted them with the topic of the study and stated my
willingness to negotiate about the inclusion of any data in the report. (But as owner of this
document I retained the right to make the final decision about the information that was
presented.) Each participant also had the opportunity to omit any pan of her journal from
my inspection before I reviewed it because this material was originally intended for her
personal use.
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Notes
^The follow-up component of SummerMath for Teachers lasted for three years.
Because this part of the program was no longer in existence at the time of this study, the
teachers who had less than two years of experience in SummerMath for Teachers did not
receive follow-up in their classrooms.
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CHAPTER 4
OLD AND NEW PERSPECTIVES ON MATHEMATICS TEACHING AND LEARNING

Traditional teaching approaches treat mathematics overwhelmingly as a field where
experts are the sole source of knowledge. Topics are generally presented as unalterable
sets of procedures by teachers who don't acknowledge that learners create their own
understandings of knowledge. The teachers in this study were taught mathematics this way
and consequently, taught it to their students in the same manner. In contrast, as
participants at SummerMath for Teachers, they came to know mathematics as they learned
other things in their lives, that is, through experience and through connecting that
information to create new ideas.
Moreover, these teachers' former ways of learning mathematics were firmly rooted in
the assumption that they could absorb someone else's thoughts. So now becoming
mathematical thinkers involved significant changes in their conceptions of the discipline and
of themselves. Similar to the women in Belenky and her colleagues' research, the women
in this study were beginning to hear their intellectual "voices" and to sense their
mathematical power (1986). This chapter focuses on how these four teachers' varied
histories and interpretations portray the circumstances surrounding teacher change. An
interpretative view of this data in light of Belenky et al.'s model will be saved for the
concluding chapter.
Amv
Amy, a 45 year old teacher, works in the rural community where she was raised. She
teaches first- and second-grade students in a largely traditional public school. Following
her undergraduate training in occupational therapy, Amy provided these services in the
school system for several years. She interrupted this career taking time off to raise her
three children. But instead of returning to work as an occupational therapist, Amy was
ready for a change. Her experience as a mother coupled with her previous work in schools
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led her to pursue a master's degree in language arts teaching. After working with primarygrade students for approximately ten years, Amy recognized that she was enthusiastic about
teaching most subject areas, except mathematics.
Amy considered herself "math phobic." Her initial recollections of learning
mathematics seemed vague and distant. Amy jokingly said that her most vivid memory of
learning mathematics was counting the minutes on the clock until the end of class.
In general, she thought her mathematics teachers didn't encourage her or hold high
standards for her performance. Most of her high school instructors were like one particular
algebra II teacher whom she described as "unapproachable, just a distant old man." Her
geometry tutor, however, stood out because of her exceptional qualities.
I guess [there is] one thing that I do remember about my mathematics in
high school, and it had to have been the teacher, I decided. I was a
sophomore and taking geometry in one high school and really not doing
very well. I transferred to another high school [because] my parents
moved.... Maybe it was at that point that I realized that I wasn't doing
very well in geometry. This woman tutored me and I ended up loving
geometry. That was my favorite year of mathematics. I remember that
when I went to take my GRE's, I ran to her. I went and looked her up to
see if she could tutor me a little bit in mathematics for my GRE's. So she
stayed in my mind as someone who knew how to teach mathematics.
Overall, however, Amy was convinced that she didn't have an aptitude for academic work
in her high school and college years.
This [is a] story that I carried with me forever. My mother would always
get mad at me when I started bringing home C's in different subjects. I
would say, I'm just an average student. Don't bother me; I'm just an
average student. So somewhere along my high school career, I decided that
I wasn't all that smart. I think in elementary school, I thought I was. And
then as an undergraduate, I didn't care.
During the course of her graduate studies Amy's attitude about her capabilities as a
student changed. To begin with, she elected to return to school choosing a program about
which she was truly excited. Instead of mimicking the ideas of others, the instructors
asked her to ponder and develop her own points of view. During the first few months,
they praised her work and Amy felt exhilarated and intelligent.
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But then Amy's "fall from grace" occurred. She no longer received excellent grades for
her efforts because she questioned and deviated from her professors' points of view. They
expressed their disappointment in her and she perceived them as excessively critical of her
work. Her teachers, as Amy viewed them, held the authority in the student-teacher
relationship; they wanted their values endorsed "hook, line and sinker."
You needed to get the [master's program's prescribed model] and you
needed to get it before you got out of there or you had the wrong answer..
. I was aware of what I should [learn] and so that took away a large part of
the real positive stuff about what I was feeling ... [and] learning.
"The real positive stuff," in Amy's mind, was learning with teachers who acknowledge
that students construct their own concepts. Her previous instructors left little room and
time for her to formulate her own interpretations. Amy began to challenge some of her
professors' authority at this time when she argued with one of them about her grade on a
particular project.
Amy's defiant action meant letting go of her "good girl" image. In the past she didn't
question her compliance with others' expectations, going out of her way to agree with
people rather than to argue with them. Even when her ideas conflicted with someone else's
perspective, she frequendy concluded that areas of commonality outweighed the
differences. Raising the issue about her grade showed that Amy had begun to resist others'
attempts to direct her way of reasoning.
During her course of study at SummerMath for Teachers, Amy continued to make
strides toward gaining independence of thought. To begin with, her interactions with
program staff were markedly different than her relationships with the faculty in her
master's program. Amy immediately responded to the sense that her thoughts and feelings
were accepted and nurtured, not judged, by the instructors at SummerMath for Teachers.
She felt that her comments were taken seriously by them and not labelled 'wrong' when
they differed from her instructors' ideas.
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[Learners] here get the sense that whatever they're learning, whatever
they're picking up, is okay.... I don't think people leave here with a sense
that they have not done it right.
Amy felt affirmed because the staff respected her process of "looking] around,
listening] and deciding for herself] what to think about things." Although her previous
professors at graduate school endorsed this notion, she now realized that they hadn't
actually put these beliefs into practice. Amy also came to understand the qualities which
distinguished her geometry tutor from the other high school teachers. Similar to the
instructors at SummerMath for Teachers, her geometry teacher focused on what Amy knew
and built on that information instead of merely offering a prefabricated set of procedures.
I spent the first week [of the SummerMath for Teachers institute] adjusting
to the fact that I wasn't working for [the instructors]. When I finally caught
on to that... I felt such a sense of personal power. I stopped performing
for somebody else and started doing it for myself. It really made a big
difference. I'd have to think about that quite a bit to think about what it
was, but it was a real sense of freedom. So I think it did make a difference
for me in my life.
Amy was in transition from seeking the approval of others to learning for its own sake.
She believed that her prior tendency to seek agreement with people was due to feeling
insecure and incompetent. New feelings of confidence in mathematics were also beginning
to emerge.
I was going to say I'm not good at [mathematics], but I think that I'm an
okay mathematical thinker. I think sometimes that I'm good at it as long as
I'm allowed to picture it.... Maybe the picture isn't a good way to
describe it because if somebody drew a picture for me, if it was their
picture, that wouldn't do a thing for me. I need .. .to do it and find some
way of explaining it to myself that makes sense. Then I might be able to
understand the picture.
Amy articulated the essence of becoming a mathematical thinker when she stated that
mathematical power was linked to making one's own sense of the subject matter.
Consequently, Amy began to consider how her own teaching practices could stimulate
these feelings in her students.
For a long time I really thought I was nurturing them by being, by being too
much of a mother to them.... And I'm looking at really still having those
connections, but pulling back and not being the authority.... I realized that
I really depended on being the person in control, the person in charge, the
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person that all these little people needed. I want to get away from that and
still feel like I've got the connections yet feel like I'm giving most of that
back.
Through her own experiences as a learner, Amy realized the difference between a
teacher who listens to her children, as opposed to one who solely tells them information.
Students who recognize that they construct understandings for themselves acquire a sense
of ownership over the material. This method of learning, she explained, was actually
consonant with her beliefs about teaching. And though this approach was endorsed by her
master's program in language arts teaching, it wasn’t modeled by their faculty or affirmed
in her previous coursework in mathematics. The SummerMath for Teachers Program now
gave it validity.
I just willingly accepted a whole lot of what I've learned here as something
that was a part of me, it was easy to accept. I haven't had to struggle with a
lot of the ideas to say, 'No, I just can't buy that.' I certainly look at things
differently than I did. But it's not in opposition to the way I thought. It's
like it was there ready for me to understand.
Amy's reflections on her SummerMath for Teachers experiences sharpened the way she
saw her past schooling. She now separates her feelings about the inaccessible way she
was taught mathematics from her feelings about the subject matter. Moreover, in contrast
to her master's program in education, her course of study at SummerMath for Teachers
helped Amy recognize that she was a capable thinker on her own merit.
Meg
Some strong similarities exist between Meg's and Amy's backgrounds. Both in their
mid-forties at the time of this study, they postponed teaching until their children attended
school. Although Meg majored in early childhood education as an undergraduate, she, like
Amy, completed graduate work in language arts education before seeking employment. As
advocates of the "whole-language" movement, Meg and Amy emphasized the importance
of designing active and meaningful learning situations for their students. Akin to Amy's
maternal outlook on teaching, Meg described the atmosphere in her second-grade
classroom as loving, nurturing and cooperative.
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However, the demographical make-up of the schools where they teach differ widely.
Meg's school is part of a university community where the student population is diverse in
class and ethnic background. Amy's student population, on the other hand, is largely
homogeneous; the children come from predominantly white, lower- and middle-class
families. Furthermore, there is an expectation at Meg's school that its staff will incorporate
the latest innovative practices into their teaching. While Amy is reform-minded and finds
support among her peers, her school does not actively seek these changes.
Yet clearly outweighing their differences in this area, like Amy, Meg referred to her
previous struggles to learn mathematics as "pretty awful." Her early school times
established a cycle of frustration and incompetence which she continued to associate with
learning mathematics throughout her formal education.
In elementary school, I think it was fifth grade, we had to have timed tests.
I think it was for addition and I could not do well. I can remember my
teacher yelling at me; I can remember crying and being upset. It wasn't
until a friend said that when she added it, she pictured the numbers in dots,
like in dominos.... Once she showed that to me, I was able to memorize
the facts by counting dots quickly. I never really memorized them, I just
got very good at counting fast enough to pass the test for the teacher.
What stood out for Meg about learning mathematics in elementary school was time
pressure and punishment. She was acutely aware of her negative reactions to the
classroom situation-"crying and being upset"-due to her inability to memorize the
material. The image of the dots pictured on the domino pieces gave her a way to learn
addition.
Although Meg recollected that she could learn mathematics through memorization in
high school, she realized that she had no clear understanding of the subject at that time.
I can remember those awful story problems [in high school algebra class]. I
truly did not understand them and I can remember raising my hand and the
teacher saying, 'What, you again? I'm not answering your questions. I've
already said it three times. If you don't have it by now, you don't have it.'
And I really [felt] awful. I remember in geometry, just memorizing all the
different formulas and just applying them. So I did fine in geometry
because I could look at it and see what shape it was and, oh yeah, right
angle, you know, this business. But I really don't know a lot about it. I
just passed it.
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Asking for help repeatedly placed Meg's reputation as a good student at risk. And her
instructor's response, at best, showed a lack of insight into her difficulties with the subject
matter. Meg was beginning to recognize the insufficiency of her foundation in
mathematics.
Meg's work in college mathematics, as described below, mirrored these earlier school
experiences.
And in college ... I had a horrible time in calculus and actually it was my
husband who was just then a friend who helped me by tutoring me, because
the professor just didn't explain things to my satisfaction. I think probably
I didn't have enough understanding, background anyway, to understand it.
I never really knew what it was about except solving these long equations.
It was my husband who would sit there and go through and be very patient
and help me. And I did all the extra credit I could, so I could pass it at least
with a decent grade. But I never knew what it was; I truly never had any
idea what it was. Still don't! So that's where I was.
Meg's initial teaching situations did not bring out her underlying difficulties or
frustrations with mathematics. She was able to glide through these experiences because
she adhered unquestioningly to a step-by-step method for teaching kindergartners and used
a familiar approach for teaching junior high school students.
It was no problem teaching mathematics to my kindergartners. We had
some kind of course in teaching mathematics following a book.... That
wasn't real hard.... I was okay in the junior high classes because they
taught it the way I was taught. Sol could help all the kids who would come
to me for tutoring. They were in special education and ... we used
workbooks at about a third grade level, so it wasn't a problem.
However, Meg's next teaching position challenged her tenuous sense of security in
mathematics due to the innovations demanded by her new school system. In her original
placement there, she taught a combined third- and fourth-grade class with another teacher.
We had kids who were in higher and lower groups for that. I had the high
kids. I walked into a program that was completely individualized. The kids
had these folders that they had to go through and had to write [down] all the
answers. I would be helping one child with telling time and the next
minute, trying to help someone with multiplication or division or fractions
or whatever it was.... You could just feel your brain sort of shifting from
zoom, zoom, zoom, zoom.
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Although the frenetic pace of this program presented its own challenges, it was still
based on a fairly traditional methodology. The next wave of reform, however, was far
more disconcerting for Meg because it deviated further from her background in this field.
I didn't even know what Base 10 blocks looked like when I started using
[them]. There was no inservice or anything. Then slowly as I started
teaching, I realized that the kids were not getting it. They couldn't
remember things. So I went to using many more manipulatives. I didn't
even know how to use Cuisinaire Rods when I first started. I knew what
they were, but I didn't know how to use them. It was actually the kids who
actually figured how to use [them].
Despite Meg’s own negative experiences learning mathematics, she was willing to
persevere with a new, seemingly incomprehensible method. And although she observed
that her children figured them out on their own, Meg subsequently taught these techniques
by "showfing] them how to do it" instead of providing them with opportunities to make
their own sense of these new tools. She resumed the role as the explainer because she
thought that there was only one way to approach mathematics.
However, after several years of teaching mathematics procedurally, Meg began to
notice that this method didn't work for some students. She wondered why she needed
continually to review the same material that they worked on the previous year. Searching
for different approaches that might be more effective, Meg enrolled at SummerMath for
Teachers.
In order to understand better their own teaching practices, SummerMath for
Teachers participants were encouraged to reflect on the way they learned things in their
everyday lives. Of central importance to Meg was making her own sense of experiences.
For instance, when she first began gardening, she read several books and talked with local
experts and friends about plants. However, these resources alone didn't substitute for her
own experiments in the garden.
Furthermore, Meg's notion of how children learned was consistent with her own
ways of acquiring knowledge. Based on her study of "whole-language" teaching at
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graduate school, Meg constructed a theory of learning which she also applied to teaching
other subject areas.
I pictured all these different webs going in the brain and things are pulled
from one area to another and changed as new ideas are developed. So ...
information is always being changed and rerouted somehow in the brain.
Which is why it needs to be experienced to be meaningful to the person in
whatever area it may be. I guess that's why,... in science, we try to get
children not to read out of a textbook, but to be working with materials
themselves and forming new ideas and changing them as they test them out.
It works the same way in reading. You need many, many ways .. .to make
ideas.... If they don't work, reject them and come up with a new one. To
be a part of it, you can't just be a passive bystander and think it's going to
be absorbed.
Meg began to realize that her mathematics teaching didn't fit with her educational
philosophy. Prior to attending SummerMath for Teachers, she was a "passive bystander"
who "absorbed" mathematical information. Convinced that problems in this discipline had
one true answer, her thinking would come to a "dead halt" if solutions weren't immediately
apparent. In contrast, the SummerMath for Teachers Program offered her opportunities to
work with mathematics the way she learned other things. Meg began to make conjectures,
look for patterns, and formulate conclusions about its principles. Creating her own
meanings and understanding of mathematics led her to the discovery of her strengths in this
field.
I would have said before my experience at SummerMath that I just don't
think mathematically and I can't. Now I know it's hard for me, but I know
I can, with the use of the pictures, depending on the problem. The
mathematics is really thinking and I used to just think it was just numbers.
So I consider myself a burgeoning mathematical thinker.
Although Meg became more willing to take risks with her own learning in
mathematics, she hesitated to take those risks on her childrens' account. Her doubts about
the method surfaced, tempering her implementation of these reforms. But, with assistance
from her co-teacher and a SummerMath for Teachers consultant, Meg started to examine
her classroom approach in light of her students' thinking. Looking back on her
introduction of Base 10 blocks and Cuisinaire Rods, she began to recognize how her
teaching interfered with her students' attempts to understand the materials.
54

And that was one of the things of SummerMath that really hit me. .. I
realized that I had been sort of doing rote, what I call rote manipulative,
because I was showing them exactly how to do it. Instead of having it as a
tool, it’s just the same as giving them a formula and saying, ’Here, do it.'
And I did, because I can be very organized and sequential; I tend to be very
linear. When I taught mathematics and I would work with the kids at the
higher [third grade] level, I usually did a pretty good job and parents were
happy because kids understood it. We could break it down and I could
show it in different ways. The kids who could learn that way did fine. It
was a real shock when I got into SummerMath and was able to look at my
own learning in terms of where I was coming from and why I was teaching
the way I was teaching.
For the first time Meg saw the connection between "showing [her students] exactly
how to do it" and the failure of children who could not learn that way. Furthermore, she
recognized this teaching method's contribution to her own difficulties comprehending
mathematics. While determined to keep in mind that all of her students would be
constructing their own frameworks for knowledge, she also realized that changing the way
she taught would require substantial effort.
Meg characterized her attempts to bridge the gap between her old practice and new
vision as gradual and sporadic. Stressful intervals occasionally precipitated her return to
more conventional methods, but, for the most part, her teaching continued to build upon
her experiences as a learner at SummerMath for Teachers and in her classroom. For
instance, in her first year after attending the program, Meg relied on the mathematics
textbook to provide the "scope and sequence" of her mathematics curriculum. This
approach, however, became increasingly problematic because her students' thinking rarely
followed its order of presentation. Yet it wasn't until the middle of the following year that
Meg stopped using the textbook to structure her lesson plans. Comparing this transition
with her previous one in "whole-language" teaching, she began to see how her limited view
of mathematics interfered with her adoption of reforms in this area.
I opened up to process writing immediately; that made absolute sense.
When the move came, in fact I was one of the earlier people in reading to
say these basal readers are ridiculous. I started right away using real books.
That was quite natural... I teach the skills that are integrated into the books
that we're reading.... I could never understand why it was so hard in
mathematics until [I]... looked at my own mathematics learning and [then

55

I] could understand why. It was my crutch. I couldn't give up some of the
things that I was doing because of my own background. Now I think there
are many answers [in math] and many ways of solving things. There isn't
just one right way.
Several years after Meg discontinued her use of the textbook in her own classroom,
she encouraged her principal and peers to adopt this policy. Her own words best describe
her advocacy of this position.
Last summer I was on a committee for mathematics and we were looking at
what we could use for materials and curriculum. Most of us on it felt that
we did not want a textbook. We did not want teachers to feel that they had
to go through a certain order, but rather that they should have some good
objectives with some flexibility within those objectives and then have
materials and resources to help people teach. But [our principal] still felt we
needed a textbook. I remember arguing that with him. He ... feels that he
needs a textbook for those teachers who want that. I guess I felt after going
to SummerMath that I had earned my right and my license to try things in
different ways. He wasn't fighting me on that; it was just sort of a natural
step. I wasn't saying that I had to fight it. I don't have to do that. It's more
[asking] myself: 'Is this okay to do? Am I going to harm the children?'
Meg spoke with conviction on this issue. Though she thought of her principal as
an authority figure, she wasn't seeking his approval or trying to convince him of her point
of view. Meg had learned the importance of making her own decisions in the early years of
her marriage. During her pregnancy with her first child her doctor didn't inform her that
she was at risk for miscarrying. Although she believes that he was trying to protect her
from emotional pain, she felt robbed of information that she needed to know in order to
make her own decisions. Like Amy, Meg doesn't want to protect her students from the
inherent struggles in learning. Because she now can teach mathematics without her
"crutch," the textbook, she believes that her students can also learn that way. Trusting her
own analysis of the situation, Meg spoke forthrightly about her childrens' educational
needs.
Meg's story, as well as Amy's, focused on building a new conception of mathematics
and of herself as a learner in this discipline. Perhaps due to the duration and extent of
Meg's involvement with SummerMath for Teachers, her account provides more insight into
her implementation of these ideas in her classroom. As she attempted to transform her
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pedagogy, Meg recognized that her inadequate mathematics background stood in her way.
She depended on the textbook's orderliness because she knew no other means for
understanding mathematics. But by weaving together her personal strengths and
experience learning other subjects, Meg emerged as a confident thinker and teacher of
mathematics.

IQ
At first blush, Jo's story appears significandy different from Amy and Meg's
experiences. Though Jo married and began raising her five children immediately after
college, the unexpected death of her spouse further postponed her career. In addition, Jo,
who is now close to retirement, has witnessed several cycles of reform movements as a
teacher. And lastly, in contrast to Amy's rural setting and Meg’s university environment,
the community where Jo works is on the outskirts of an urban area.
But these circumstances are more superficial than substantial, as Jo's story will reveal.
Overwhelmingly, her previous experiences with mathematics, like Meg's and Amy's, were
characterized by her struggle to learn and teach this subject. She recalled a high school
teacher who "pulled hair, stepped on feet if in the aisle, [and] hurled chalk erasers at
students with much yelling." Her "self-preservation" tactics not only included memorizing
procedures, but also "pay[ing] fellow classmates to do [her] homework." Jo remembered:
"Basically, it was a negative experience for me and I did not like mathematics." Then she
qualified this response by adding: "I liked mathematics, but I didn't know how to do it. I
never learned."
During her first teaching position, some of Jo's feelings about mathematics changed
because of her exposure to the "New Math" movement in the early 1960s.
Yeah, I went back to college and that was when they were doing all this
crazy stuff like, well, I thought it was crazy then. It's not crazy. But I
think they went from total algorithms and real rigid kind of mathematics
teaching to things like Venn diagramming and sets.
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But even though the introduction to this approach broadened Jo's outlook, its
implementation fell markedly short of her expectations.
First of all, the terminology was so different and it was so hard to just relate
to the terminology at that time. Then in addition to that, you were supposed
to be able to apply this. And I don't really feel that they taught the
application. Again, you got a lot of definitions and what this was supposed
to do, but I never really learned what it was all about. I learned a little bit
more about mathematics, but not as much as I needed to know.
Jo saw "New Math" as yet another topic in the field. Its principles, like those in geometry,
algebra or calculus, were not presented in relation to other mathematical ideas.
Approximately 20 years later, Jo encountered another wave of reform in education.
Just as Amy and Meg considered the underpinnings of "whole-language" teaching
somewhat analogous to SummerMath for Teachers, the transition into mathematics was
eased by Jo's inservice experience in science. Partners in Elementary Science 1 (PIES)
introduced her to a "hands-on" learning approach in an area she referred to as her "first
love." Reflecting at a later time on what she referred to as "process learning experiences,"
Jo believed that these methods appealed to her because they emphasized learning to make
decisions and choices.
But when Jo initially entered the SummerMath for Teachers Program she wasn't aware
of this more lofty purpose and thought that she simply thirsted for knowledge about
mathematics. Recalling her ideas at that time, Jo now realized that her "goals were wrong"
because she wanted the staff to explain mathematics and new teaching methods. "But what
happened here was far more than you thought was going to happen." She was referring to
the experience of becoming an active learner of mathematics herself. Jo recognized that this
was the way she learned things in the course of her daily activities. For instance, Jo said
that she recently wanted to learn how to bake an angel food cake. But because she
considered the task somewhat complicated and unfamiliar, she didn't want to follow the
steps in a recipe or hear the directions over the phone from her daughter, who bakes them
all the time.
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So I told [my daughter], I'm coming up and I want to watch you make an
angel food cake. And I want to make one with you. When I've done that.
I'll be able to make an angel food cake.
Experience was "the real thing" according to Jo; similar to Meg’s gardening activities, she
recognized the value of creating her own meanings of knowledge. Moreover, she saw
learning as an ongoing, dynamic process, "a state of growth," which continually alters
information as it connects to past and future ideas.
Jo realized that her vision of knowing placed a great deal of the responsibility directly
on the learner. Focusing on the kinds of attitudes and beliefs which might predispose
someone to success in this endeavor, she cited some of the "many multiple factors"
affecting one's level of frustration. "Where are you going to quit? Where are you going to
keep going? How much of a person are you to take a challenge or how much are you
going to regress from that [challenge]?" Reflecting on her "personal experience with
learning" at the SummerMath for Teachers Program Jo described how she came to assume
more responsibility herself.
But first of all, I did not really fully understand [the kind of learning model
presented at the SummerMath for Teachers Program]. Again, you go to
college courses and you get a textbook and you memorize and they give you
notes and you memorize and take a test and now you're done. But that
doesn't happen here. You had to think. The thinking, the analyzing what
was really happening to you, and that came with the journal writing. It
forced you to put down in words what was actually happening or what you
thought was happening. And then you had to come up with what made that
happen. What was the cause of that? What caused that to happen to you?
And why were we more successful here than we were in other courses?
And what made learning more meaningful to me? There were a lot of
questions that I had to sit back and think about and that was the difference.
During the SummerMath for Teachers institute, Jo began to employ this kind of
questioning, analyzing and synthesizing to understand mathematics. She began to see how
these skills contributed to her strength as a mathematical thinker. And just as active
problem posing transformed her ideas about herself and learning, this process also changed
her notion of mathematics. Her impression of the subject shifted from impenetrable and
inaccessible to flexible and contextual.
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When I looked at mathematics prior to coming to SummerMath,... it was
the absolute truth. If one and one was two, it was two. And that was an
immovable thing; it was very fixed. Well, that is not so. One and one may
be two, depending on what you're talking about. Now I know there are all
kinds of things that can happen with numbers that I didn’t know existed.
So that I was all boxed in with what I knew, which was very limited. Now
we're dealing with a whole openness that I didn't even know existed. I
think I wrote in my journal that I'm sitting on the top of an iceberg and all
this is underneath me and I didn't know it was there.
But before taking her new understanding of learning mathematics back to her students,
Jo struggled with what it had meant to have taught mathematics the old way. Different
from Amy and Meg, Jo didn't mention any particular instructor or principal who might
have thwarted her attempt to take charge of her own or her students' learning. Jo focused
retrospectively on what she now perceived as the harm that she did to her past students.
I think back on all the years that I wasted and I just wish I could go back in
time. ... There's so much that I didn't know and I really didn't do well
teaching other students. There's so many people out there like me and
we're doing damage. We really are. We shouldn't even be in the
classroom. And all these years, I sat there, thinking I was teaching
mathematics and I wasn't. It's hard for me to accept that.
Jo wasn't just being hard on herself; these feelings made her more determined to
change her teaching practices. Unlike Amy and Meg, Jo considered herself a fighter who
always questioned and rebelled against authority. "Well, this started back in my home with
my father. We differed of opinion all the time and we fought violently as a result of it."
Although Jo felt that she never won an argument with her father or with others in authority,
she continues to confront people directly on issues challenging her own as well as their
sense of complacency.
Fueled by her indignation at her previous methods for teaching mathematics, Jo
resolved to take dramatic and immediate steps toward implementing her new pedagogy in
this area.
Well, I don't do much of anything the way that I did. I try not to anyway.
I've come a long way. I've thrown out the textbook and thrown out all this
stuff about algorithms and how to do mathematics. Mathematics is—it's
living.... And it's in the struggle that you really learn the most. It's not
always comfortable. So if we want to just have students that are
comfortable, then this problem-solving approach is initially a shocker when
they come to my room. I don't know the answer sometimes and I can say I
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don't know. That's perfectly all right. But before I would never say that I
don't know. It's a big rupture in me.
Overall, Jo recognized that not only did she trust her students' ability to take charge of
their own learning, but she also trusted her own ability to take charge of her teaching.
Though teacher and students alike were unaccustomed to dealing with the frustrations and
bewilderment of problem solving, Jo was fully committed to the change she saw as both
necessary and worthwhile. She now enjoyed teaching mathematics and searched for
opportunities to incorporate this content into the curriculum in meaningful ways. And true
to the essence of her own experience, she placed increasing emphasis on her students as
responsible learners.
So anyway as far as my teaching is concerned, I like teaching now better
than I did. I like to work with, I like to give kids a problem that's going to
challenge them. And I especially like when we come up with something in
the classroom that creates a mathematical need and we can work on that, the
whole class. Then the kids--you don't hear a pin drop, you don't see
anybody stirring. They’re all on task.
Yet Jo continued to characterize her teaching as an unfinished and incomplete process.
In the next excerpt she described some of her feelings about struggling toward competence
in the midst of teacher change.
I feel bad. And even now, I still don't have as much knowledge as I need.
I still feel inadequate and I've grown tremendously and I can do so much
more and be more effective. I know I am, but I still feel that I need to get
there, but I know now that I'll never be [there] because this is something
that's not true. It's not something you can hold on to. The change is the
good part and you have to be able to see that and grow with that.
Several interesting parallels emerge from these three participants' stories. To begin
with, all of them associated mathematics with negative experiences throughout school.
They talked about the steps they took to avoid mathematics and about the difficulties they
encountered learning it. Their elementary and high school teachers intimidated them by
shunning their questions. Unfortunately, because this was the only model these
participants knew, they adhered strictly to their textbooks' and principals' guidelines and
taught as they had been taught.
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But at SummerMath for Teachers, these teachers were encouraged to try to make sense
of their backgrounds in light of their new experiences learning mathematics. They began to
use interpersonal and practical skills, previously reserved for learning other subjects, to
understand mathematics. Although their preparation in "whole-language” and "hands-on"
science teaching partially aided their transition in mathematics, their past feelings about the
subject matter arose as a formidable obstacle. Before they could fully take charge of their
own teaching and learning in mathematics, each of them struggled with such issues as:
competency, deficiencies in knowledge, and limitations of past teaching methods.
Beth
In contrast, Beth's background set her apart from this group of teachers. She attended
private schools all her life and currendy teaches kindergarten in the laboratory school where
she was a student-teacher. Affiliated with a prestigious college, this elementary school
largely attracts students from well-educated and upper-middle class families. Moreover, as
the youngest participant in this study, Beth entered the work force at a time when women
often balanced career demands with the responsibilities of parenthood. Thus, she briefly
interrupted her position as a kindergarten teacher during her daughter's preschool years.
The most distinguishing characteristic of Beth's background, compared to the other
study participants, was her pleasure in mathematics. Her own words best describe her
strength in this area.
I really loved mathematics a lot. Some of that was due to a wonderful
teacher in high school, but also I think it's something that I loved doing and
that I was good at through elementary school and through junior high
school. I was one of those students who was able to take a placement test
in junior high school and got into early algebra, which meant that when I
was in high school, I could get into the calculus class which gave me
college credits for taking the course. So, because it was something that I
was good at, I think it was easier for me to like. I really did love puzzles
and when I [went to college], I took a couple of mathematics courses and I
knew I'd reached my limit when I started to, I don't even remember which
course it was, I think it was linear algebra, when we started to deal with
equations and three-dimensions and I couldn't see the mathematics any
more. I had a roommate who had a double major in mathematics and
something else and we were in that class together and she could see it
perfectly clearly and I couldn't see. For me, it was just very procedural and
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formulas, and so that's where my mathematics stopped: my formal learning
with mathematics stopped. But I've always loved it; it's always like a
puzzle, a brain teaser sort of for me, so, they've been positive experiences.
I've enjoyed it.
Although it is unclear exactly what method Beth referred to when she said she "couldn't
see the mathematics anymore," after this time she resorted to rote memorization of content
and terminated her study of the subject. But perhaps because Beth previously felt
competent as a mathematics student in elementary and secondary school, she continued to
maintain a positive attitude toward the subject even after terminating her formal studies.
So, unlike the other participants, when Beth began teaching she didn't avoid
mathematics or believe that her approach to this subject was in any way different from her
approach to other subjects. Because she was trained both as an undergraduate and graduate
at the same college and then took a teaching position in its campus elementary school, there
was a tremendous amount of continuity in her educational background. For the most part,
the faculty as well as the teachers at the school were reform-minded in establishing
innovative curriculae and in promoting progressive ideals. Once Beth became a member of
the staff, she began to develop her own educational philosophy by engaging in dialogue
about her teaching practices with peers, the parents of her students and prospective
teachers. In the excerpt below she described the importance of that discourse in terms of
her relationship with student teachers.
The school is wonderful for a lot of reasons and one of the things that I love
about it is having student teachers and I think that means that part of this
personal, professional quest for me comes out of my having to articulate my
ideas and my ways of thinking about teaching to practice teachers. I'm
more aware when things aren't settled for me. I'm more aware of it because
I have to explain my theory and practice to practicing teachers.
Extending her interest beyond the institution where she worked, Beth was also
involved with the activities of the Early Childhood Council Association. During the last
decade she has seen this organization change its emphasis from pushing academic
performance to building goals based on students' educational needs. According to Beth,
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the teacher's role then involves: "looking at how you negotiate a curriculum with kids and
at the same time, having a clear enough agenda so that things get accomplished."
Yet it was not until her experience at SummerMath for Teachers that Beth grasped the
meaning of the theory she was espousing. As a participant attending the institute, Beth was
given a writing assignment by the staff which asked her to consider how people learned.
Approximately one week after beginning the program, Beth noted that she now had
different understandings of the words she had written in that pre-course paper.
I never really knew what it meant to have a learner construct knowledge. I
always used to say that that's what I was doing and I really believed it was,
but until I had, until I was sort of shaken into having to reconstruct ideas for
myself, I didn't understand the power in that experience. I know that I
wasn't providing that for the kids.
Although Beth brought both a strong background in mathematics and a set of beliefs
about teaching consistent with SummerMath for Teachers, the experience was as unsettling
for her as it was for the other participants. To begin with, she hadn't been challenged in
mathematics since her early college years and her difficulty at that time led her to abandon
that course of study. Although Beth again struggled to comprehend mathematics at the
institute, this time she was encouraged to uncover her misunderstandings and to reinterpret
the material. Thinking specifically about the significance of the questions the staff asked,
Beth recalled an activity where she worked with other participants to develop a base-five
number system. After examining their number sequence, one of the instructors asked them
a question pushing the limits of their understandings instead of leading them to the answer.
In the next excerpt, Beth reflected on the knowledge which the staff member brought to that
question.
That’s a brilliant question because he understood the structure of our system
and he understood what's basic to the value that was missing from our
system. That was just the right question to ask and that was just the right
time to ask that question.
Beth's primary adjustment at SummerMath for Teachers, however, was due more to
her new understanding of how people learned than to the difficulty of the mathematics she

64

encountered. Realizing that she wasn't just applying a new set of mathematical procedures
at the institute, she tied the timing and substance of the staffs' questions with the essence of
"real learning." At the heart of the process she envisioned was "peeling off these layers of
old assumptions," transforming both her approach to as well as her idea of the subject
matter. Here are some of Beth's thoughts about her new way of learning.
I like the questions that get kids, that got me, to just confront the confusion
that I didn't even know I had. In my classroom this year, I could see that it
was at that point that real learning happens, and that's what I want to see
have happen for the kids more frequently than it does, or that it has. At that
moment of disequilibrium or whatever you want to call it, you just say,
'How can that be?' That's not what I thought at all.... It kind of shatters
the old structure and you have to rebuild it.
When Beth constructed a new framework of mathematics, she saw that it was entirely
different from the previous one. Wrestling with her former misconceptions about
mathematics led to a deeper vision.
In spite of success and joy of learning mathematics, it was SummerMath
that was trying to make me and help me pare through all my old
assumptions. Although I feel like I've got this higher order of mathematics
acquaintance or familiarity, what's at the heart of all that stuff, is one of the
things that SummerMath has made me look at. What are all those
assumptions? I've confronted some, but it’s really overwhelming for me to
think about how many layers and layers of assumptions that you know. I
can do these things, but reflecting on what's the meaning of place value,
and looking at what division really means is brand new to me.
Similar to the other participants, Beth realized that her past experiences in mathematics
were devoid of conceptual understandings. For the most part, she blamed an educational
system whose teachers required learners to retrieve knowledge rather than to make
meanings by connecting information to other ideas and experiences. Considering the
consequences of this system in terms of her own education, Beth related the following
story.
My niece who is in the fifth grade is a very good student. She got all A's
on her report card. Her report card is full of A's. She has two B's all the
way through; one is in reading comprehension and [the other is] in
mathematics, it's in problem solving. And I look at that and I say, I think
that's probably the education that I had too.... [These subjects] require a
certain critical thinking that isn't always promoted.... What is reading if
you can't comprehend it? What is mathematics if you can't do problems?
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How well served are we [at] preparing kids that can be A students, but
[who] can't comprehend what they read or solve mathematics problems? Its
crazy.
Beth felt that her past mathematics instructors squelched her "creativity of mathematical
thinking." Despite her enjoyment and her more extensive background of the subject, she,
like the other participants, learned mathematics as a straightforward process-rules handed
down by experts.
I would often show the solution to a problem in the standard way that I was
taught. I would reject showing the way that I really figured it out because
there was something about trying a new solution to a problem that wasn't
always acceptable.
After attending SummerMath for Teachers, Beth realized that she no longer needed to
disguise her mathematical thinking and became excited about the plethora of approaches. In
the past, like Meg and Amy, Beth thought that she had accepted others' ideas without
engaging in dialogue or probing for other answers. She now saw how "opting for safe
domains rather than putting [her] self on the line" fostered her sense of complacency and
inability to take risks. Wondering aloud about how to expose her children to learning in
ways compatible with her own experiences as a learner at the institute, Beth commented:
I want to get so I can take things that I know work well that are important
understandings and processes for kids to grasp at this stage in kindergarten
and make them be-less of an experience and more of a challenge.
Becoming a learner at SummerMath for Teachers taught Beth the difference between
"experiences" and "challenges." Before coming to the institute, she provided classroom
experiences by setting the stage for her children's learning. In contrast, Beth now
examined her students' thinking to help them expose their misconceptions and further their
understandings. This quest led her back to the importance of question posing. "Looking at
my teaching, you know it hasn't been just my mathematics teaching that SummerMath has
affected. It's really affected the kinds of questions that I ask kids [in all areas]."
Generalizing from her experience in mathematics, Beth noted that listening to her children's
ideas empowered her students.
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Conclusions
In summary, Beth's case brought more sharply into focus several aspects of the
changes experienced by the study's participants. Firstly, the far-reaching nature of the
current reforms advocated by the National Council of Teachers of Mathematics (1989,
1991) necessitated that these teachers reconceive their ideas of themselves as mathematical
thinkers. Amy, Meg's and Jo's past negative associations with mathematics and their
newly-discovered identities as capable mathematics learners demonstrated the dramatic
quality of that process. Beth's experience, on the other hand, revealed that even teachers
predisposed to success in mathematics undergo significant, but more subtle transformations
of this kind.
Secondly, all of the teachers in this study reassessed their pedagogical practices in
mathematics. Meg, Amy and Jo felt that their mathematics teaching now more closely
resembled their teaching in other subject areas such as "whole language" and "hands-on"
science. This evidence supports the notion of "horizontal decalage" or the generalization of
development across different disciplines (Piaget, 1952). In part, these teachers were
prepared for making changes in mathematics because they had undergone a similar
transformation in the way they did and thought about other content.
In contrast, Beth's outlook on her mathematics teaching precipitated changes in the way
she saw other disciplines. Unlike the other teachers, Beth didn't initially perceive her
approach to mathematics as appreciably different from her teaching in other subject areas.
However, viewing the learning process from the vantage point of a student caused her to
reconsider the innovative methods she had implemented reflexively. Beth is now more
fully aware of the meanings and experiences underlying her theory of learning.
And finally, all of the participants, despite their varied backgrounds, shared a
tremendous capacity for personal and professional insight, change and growth.
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Notes
1 Partners in Elementary Science was an inservice program funded by a National
Science Foundation grant from 1987-1989. More information about this program can be
obtained by contacting the grant's principal investigator, Mary Alice Wilson, at the Five
Colleges Partnership, 97 Spring Street, Amherst, MA 01030.
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CHAPTER 5
TEACHERS' MATHEMATICAL THINKING
The Task
As part of the protocol of this study, each teacher was asked to compose fractional word
problems corresponding to the four basic operations: addition, subtraction, multiplication
and division. This task is more complex than most questions in mathematics textbooks
which seek straightforward solution paths. Creating contexts for fractional problems, in
contrast, provides opportunities for exploring, analyzing, and making conjectures about the
relations between whole numbers and fractions and the connections among the various
operations.
The performance of these teachers deviates strikingly from their experiences with this
subject matter prior to SummerMath for Teachers. Previously, they viewed mathematics as
meaningless symbols and isolated formulas and procedures. And without connecting ideas
together, they gained little knowledge of mathematics' underlying principles and theories.
In contrast, the teachers' work in this study offers a view of their changing conceptions of
mathematics. By writing about familiar topics and drawing diagrams, they were able to gain
entry into mathematics. The data portrays both the cognitive and affective sides of their
struggle to construct new understandings about operations with fractions.
An overview of the problems which the teachers composed for the task follows. The
purpose of this information is to give the reader an orientation to the material in the chapter
rather than as a presentation of the "right answers." This task is an ill-structured problem
consisting of many avenues for exploration. According to Kitchener, it is critical that these
types of questions are considered in light of the knower's understandings of and beliefs
about the task as well as their broader epistemological assumptions (1983).
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Addition Problems
Jo:
1. A farmer plants 5/9 of his land in com and 1/3 of his land in oats. How much of
his land wasn't planted in com or oats?
2. There was a graduating class of 480 students. One-sixth of the class studied
business and 1/8 of the class attended vocational school. How many students didn't chose
either of these alternatives?
Meg:
We have one whole pizza and Susie ate 1/4 of the pizza and Johnny ate 1/4 of the
pizza. How much of the pizza would be left over?
Beth and Amy:
Beth needs 3/4 of a cup of flour for her cake. She has 1/2 of a cup of flour. How
much more does she need?
Subtraction Problems
Jo:
1. We ordered four pizzas for the party and 1/24 of the pizza was eaten by the girls.
The rest was eaten by the boys. How much pizza did the boys eat?
2. (Jo noted that her second problem above required subtraction as well as addition
to solve it.)
Meg:
(Meg saw that her problem above also required subtraction to solve it.)
Beth and Amy:
(They noted that their problem above could also be solved by subtraction.)
Multiplication Problems
Jo:
(Jo didn't finish this problem.)
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Meg:
If you assume that each child would eat 1/2 of a small pizza and there were 19
children, how many pizzas would we need?
Beth and Amy:
At Anna's party there are ten kids. Each kid eats 1/4 of a pizza, so how much
pizza should they order if each pizza has eight slices?
Division Problems
Jo:
(Jo didn't attempt this problem.)
Meg:
There are 19 people sharing two pizzas. Each pizza will be cut into the same
amount of pieces, how many pieces will you cut each pizza into?
Beth and Amy:
At a party, the guests eat 5/6 of the cake. Of the part that's left, three people are
going to take it home. How much will each person take home?
Contextual Reasoning
When knowledge is linked to specific points of reference, the subject matter becomes
increasingly meaningful and lasting. The teachers in this study added a real-life dimension
to problem solving by integrating stories about people, objects or events familiar to them
with the formal language of mathematics. They wrote about situations in their word
problems that were personally relevant and important.
While their topics varied from the school setting to agriculture to domestic issues, what
stood out was their lives as women. For example, the subjects which Amy and Beth chose
for their word problems revolved around themselves as care-takers in the home,
specifically cooking. Within this sphere they shared a common language and set of
experiences.
Beth: We can think about measurement stuff or think about cooking stuff.
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Amy: Cooking, if we stay with something that we're really familiar with . .
. I guess it wouldn't be fair to make a recipe?
Beth: Sure it would.
It is plausible that Amy thought it might not "be fair to make a recipe" because this type
of problem was too straightforward or commonplace. But Beth's confident response
assured her of this topic's legitimacy. Moreover, as demonstrated by their return to these
issues, this content held particular significance for them. Part of the topic's appeal was its
importance in terms of gender issues. Just as this kind of experience drew them together as
women, it set them apart from their experiences with men.
Beth: I wonder if men did a problem like this, if they would use food too?
Amy: I bet they wouldn't.
Beth: I bet they would use innings in baseball. Isn't that awful?
Beth and Amy’s comments relate more broadly to a stereotypical view of mathematics
as a discipline better suited to men than women (Burton, 1990). Indeed such male-oriented
subjects as sports, mechanics and technology are prevalent in mathematics textbooks.
Amy, like other women and girls, associated content of this kind with her discomfort in
mathematics. After writing several problems about cooking, she remarked: "Maybe we can
stick to flour and pizza and we'd be all right." Thus, Amy associated the use of familiar
topics with her success in mathematics.
The context becomes not just the setting for a problem, but inextricable from the subject
matter. The complexity of the participants' personal tones resonate with the mathematics.
For example, Jo's attention to the content caused her to change the numerical symbols in
her subtraction problem. Her question stated: "We ordered four pizzas for the party and
1/24 of the pizza was eaten by the girls. The rest was eaten by the boys. How much pizza
did the boys eat?" After thinking about the problem for several minutes, Jo realized that the
distribution of pizza was disproportionate. If the girls' share were 1/24, the boys' share
became an overwhelming 23/24. In light of this discrepancy Jo rejected the problem,
concluding: "That would be terrible. This is a dumb problem!" In her rephrasing of the
question, she changed the girls' portion to 13/24, making both groups' shares more even.
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In addition to the notion that her problem was unfair to the girls, Jo may have also
decided that her problem wasn't realistic. The issue of feasibility was raised by Amy in the
pizza question she wrote with Beth: "At Anna's party are ten kids. Each kid eats a quarter
of a pizza, so how much pizza should they order if each pizza has eight slices?" After
finding 2 1/2 as the solution to their question, Amy realized that this product didn't match
with their story.
Amy: What we're asking is how many pizzas should we order and we don't
want to have 2 1/2.
Beth: Sure, so you have to order three pizzas.
Amy: And our answer shows 2 1/2 so maybe we want to phrase it so the
answer being 2 1/2, we could just say, how many pizzas would they eat?
They realized that an answer of 2 1/2 was untenable because pizzas aren't typically ordered
in fractional amounts. Amy then offered a more plausible alternative: their question could
ask how many pizzas might be consumed. This response now satisfied the criteria posed
by the original problem.
These teachers also thought about the context of their word problems when they took
into account the perspectives of their intended audience. They "tested" their ideas by
examining them from other points of view. Meg wondered about her students' responses
to her questions: "Oh yeah, what are they going to ask? What are they going to think
about?" She registered their interests, approaches and questions about a problem when she
considered such variables as the size of the pizza, the size of its pieces, and the amount
each student was likely to eat. Meg even designed problems with her class in mind,
choosing 19, her class size, for the number of people in her multiplication and division
problems.
These examples illustrate the context's centrality to these teachers' understanding of
mathematics. Their familiarity and engagement with the chosen content sharpened the way
they questioned and handled the subject matter. Moreover, such rich and personal content
was intertwined with the problems' various dimensions. These teachers seemed to
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recognize that ideas grounded to their contexts provided a firm basis for future
generalizations and abstractions.
Visual Thinking
Of particular significance was the extensive and profound use the teachers made of their
diagrams. The power of visual representations is evident from their past recollections of
learning mathematics to their present reliance on this approach to make the subject matter
meaningful. Not just one part of the stated task, pictures were frequently the most
reasoned, vital, and creative source of problem solving. Visual thinking, like contextual
thinking, offered access into and linkage with the formal language of mathematics.
The work of these teachers revealed diagrams as a source, not a byproduct, of their
analysis. Amy and Beth's work on their division problem illustrates how deciphering their
pictures was, in essence, seeing mathematical relations. Their question read: "The guests
eat 5/6 of the cake. Of the part that's left, three people are going to take it home. How
much will each person take home?" After looking at Beth’s model, Amy wondered aloud if
the calculation, 1/6 + 3, would yield an appropriate solution (figure 5.1).

1
6

Figure 5.1: Beth and Amy's Division Problem (View 1)

Referring back to their picture, Beth explained: "This is going to tell us how much of
the original cake these people get to take home. Because what they'll end up with is 1/3 of
1/6 of the cake." In this statement Beth reinterpreted the problem as multiplication, or 1/3 x
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1/6. Most likely, Beth had rearranged the algorithm because she "took the numbers out of
their diagram.”
The next phase of Amy and Beth's work continued to demonstrate their reliance on
visual processing. They used the diagram to help them determine the portion of the original
cake that would be taken home by each of their three guests. Thinking about plausible
associations between the solution from their calculation, 1/18, and their picture, Amy
asked: "Is it 1/18? One-eighteenth of the original cake? Now I want to see ..." What
Amy appeared to learn was that the answer to their number sentence took into account the
whole cake, not just its remaining servings. In order to verify this solution, she extended
the lines on the diagram and stated aloud, "3 times 6 equals 18" (figure 5.2).

1
6

Figure 5.2: Amy and Beth's Division Problem (View 2)

Returning to her former knowledge of multiplication helped Amy to make sense of her new
learning. She built a connection from her firm understanding in one area to something that
she hadn't yet fully grasped. In Amy's subsequent conversation with Beth, they clarified
their current ideas on this issue.
Beth: You know what happens? ... You have to keep coming back to the
whole. So that’s why it made sense to say, what are they going to end up
with? Do you end up with a part of the whole?
Amy: One-third of the 1/6 or 1/18.
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At the onset of the task Amy thought that at least one of their problem’s componentsword problem, calculation, or diagram-wouldn’t match with the others. But to her
surprise, they all fit together. Reflecting on this process, Amy believed that she relied most
heavily on their picture to convince her of the solution's correctness.
I knew that there were 18 pieces there, but I needed to know that 1/18 was
going to fit the diagram. I wasn't positive except that six and three, you
know are going to be 18. It's got to be 18, but the fact that the diagram
really--I wouldn't have been comfortable with [the calculation], without
seeing [the diagram].
Meg’s approach to her pizza question further supports the importance of visual
representations for illuminating mathematical information. Her question asked about each
person's share of two pizzas divided equally among 19 people. She started out confused
about her answer of 2/19 which was based on the following calculation: 2 -s- 19 = 2/19. To
help her become more precise about its meaning, Meg next drew two rectangular pizzas and
marked off 19 pieces in each of them. She then concluded "it would be pretty hard to just
cut 19 pieces so that, really, it's not a very good problem." Drawing this figure showed
her the cumbersome and unrealistic nature of her answer. Still questioning what 2/19
referred to, Meg pondered her diagram (figure 5.3):
So I don't know what the 2/19.... This sort of goes with this picture, that
you would have 1/19 out of this pizza (the lighter shaded portion) and 1/19
out of this pizza (the darker shaded portion). So you'd have 2/19 which
doesn't give you any real information. What does 2/19 of a pizza mean?
That you cut each one into 19 pieces.

Figure 5.3: Meg's Division Question
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Based on her visual representation, Meg was now able to make sense of 2/19 as a
solution. She realized that it meant taking 1/19 out of each pizza. This configuration,
however, did not match her mental idea of the problem. She indicated this when she said:
"But that's not what I really wanted to know. ... I didn't mean 19 out of one." Her
imaginary representation had "19 out of 2" or two pizzas with either 19 or 20 slices
between them. By comparing her diagram and imaginary picture, Meg was able to
distinguish between these two slightly different perspectives.
Jo's work on her pizza question provides an additional example supporting the use of
diagrams for making sense of mathematical situations. As described in the previous
section, her problem gave 1/24 of four pizzas to the girls in the class. The question's
context helped her recognize the inappropriateness of the problem due to the disparity
between the girls' and boys' shares. Jo also used the diagram below to help her reach that
decision (figure 5.4).

Figure 5.4: Jo's Subtraction Question

After sketching four circular pizzas, she thought about how she might represent 1/24 of the
pizzas. Looking at her picture, Jo decided that she would need to make each pizza into
sixths in order to yield 24 sections. But after shading in the girls' portion, she realized that
they would only have one slice to share among them. In this way, her representation
helped her see her original quantity, 1/24 of the pizzas, in more tangible and realistic terms.
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Not surprisingly, the teachers did not desire to return to their former methods of
approaching mathematics after seeing and making sense of mathematical relationships
through the use of diagrams. Amy's struggle to follow Beth’s thinking on the invert and
multiply rule is illustrative of this point. After becoming intrigued about the connection
between division and multiplication with fractions which she saw in her diagram, Beth
attempted to show Amy how these operations were derived from one another. She used
the calculations from her division problem for illustrating this mathematical proof (figure
5.5).

Figure 5.5: Beth's Formal Mathematical Proof

Beth successfully converted 1/6 -s- 3 into its multiplication counterpart with the second
factor inverted, or 1/6 x 1/3. But even after a more detailed account of the intervening
steps, Amy still couldn't attach any meaning to Beth's representation. Amy asked "why"
repeatedly because she sought additional methods to help her interpret these symbols. And
though she eventually followed some of Beth's equation, it still failed to explain the "why"
to Amy's satisfaction. Her offhanded comment, "Give me a picture, any day," showed
that Amy thought a diagram would help to make the concept comprehensible.
In sum, all of these teachers demonstrated the power of visual thinking for
understanding mathematics. This form of perception, coupled with their use of contextual
thinking, provided a gateway into the study's conceptually challenging set of tasks.
Problem solving from diagrams not only showed the mathematical relations inherent in the
situations, it also fostered the development of new insights.
Interrelationships Among Mathematical Concepts
This section examines the mathematical connections which the teachers constructed
between fractions and whole numbers and among the four basic operations with fractions.
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These associations required putting together ideas which they had previously considered
unrelated. Thus, these teachers became engaged in a new way of reasoning about
mathematics, connecting networks among mathematical understandings. At the time of this
study all of the teachers had already begun raising questions about the fundamental nature
of the basic whole number operations-addition, subtraction, multiplication and division.
For the most part, thinking about these operations with fractions further challenged their
former notions.
The Concept of the Unit
Of fundamental importance in understanding fractions is the concept of the unit. This
idea is complex because the unit may shift back and forth in different situations. Thus, in
order to obtain a full grasp of the mathematical relations, it becomes essential to keep track
of the unit throughout its varied course.
Amy and Beth's exploration of multiplication with fractions illustrates a complex set of
unit transitions. Their question for this part of the task stated: "At Anna's party are ten
kids. Each kid eats 1/4 of a pizza so how much pizza should they order if each pizza has
eight slices 1?" Beth acknowledged that the problem’s answer would "depend on how you
look at [the portion]." In the first perspective, the unit was a whole pizza and each child's
serving represented 1/4 of the pizza. In the second view, the unit was an individual slice
and each child's portion consisted of two slices. Thus, Beth noted that one child's portion
could be referred to as either 1/4 of a pizza or two pizza slices. But these different
interpretations didn't interfere with her ability to compose a numerical sentence which
accurately corresponded back to their word problem: 1/4 x 10. Thus, Beth's attentiveness
to the unit helped her keep track of the mathematical relations in the question and execute a
consistent plan of action.
Connections between Addition and Subtraction
The data presented in this section examines the interrelationships between addition and
subtraction. Conventionally, these operations, like most topics in mathematics, are treated
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as discrete areas of study. But formulating problems about them challenges notions of their
separateness. The teachers in this study were already aware of some of the connections
between addition and subtraction. For instance, all of them realized that certain word
problems could be solved by finding a missing addend or subtracting. But because the task
asked them to consider these mathematical relations in a different light, it pushed them to
further their thinking.
Meg thought about the association between addition and subtraction both in terms of her
students' understandings and her own experiences as a learner. She noticed that "when
[she] set up a subtraction problem, very often [her children] add to solve it." For instance,
she continued, "if we did this in class, I would say that we have one whole pizza and Susie
ate a fourth of the pizza and Johnny ate a fourth of the pizza, how much of the pizza would
be left" (figure 5.6) ?

Figure 5.6: Meg's Addition and Subtraction Question

Before attending SummerMath for Teachers, Meg said that she would have given this
problem to her students and assumed that they arrived at its solution the same way that she
did--by subtraction. Combining her own experience of working with peers and teaching her
students, she noticed that finding a missing addend, rather than subtraction, was used more
frequently.
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So even now, I will get surprised when I write what I think is a subtraction
problem and the kids will add up to figure out the rest of it. A lot of them, /
mean 1 [italics added] would still traditionally think of it saying 4/4, take
away 2/4 equals 2/4. But I know they will... draw a picture, put it in
fourths and say 1/4 and 1/4 where there's a half left, whether they
understood that 2/4 is equivalent. I would still do it more traditionally, I
think.
Meg is in the midst of "unlearning" how she was taught and how she subsequently has
taught others these operations. Her "surprise" at her failure to create a "pure subtraction
problem" indicates that she is currently struggling with her own understanding of this
operation and its relation to addition. She does not appear to realize that any attempt to
pose a "pure subtraction problem" could be solved by finding a missing addend.
Meg labelled her own approach as "traditional"; perhaps because she thought about this
problem in terms of a rather rigid, formal interpretation, or the algorithm: 4/4 - 2/4 = 2/4.
On the other hand, she saw her students' reliance on a more intuitive method based on their
use of a diagram: 1/4 added to 1/4 left 1/2 on the other side. Instead of subtracting, they
found the missing addend, (1/4 + 1/4) + 1/2 = 1. It is conceivable that Meg thought her
students' use of missing addend instead of subtraction was merely attributable to their stage
of development.
Beth and Amy's work on the following problem showed that they were also initially
confused about the association between subtraction and missing addend. Their question
read: "Beth needs 3/4 cup of flour for her cake. She has 1/2 cup of flour, how much more
does she need?" Though initially thinking about this problem solely in terms of addition,
they immediately began to wonder if this were the operation they had used to solve it.
They relied on their diagram to help them resolve this matter (figure 5.7).
Amy: I'm not sure what we're showing here. I think we're showing what
we said, but I don't know if it's addition or subtraction yet.
Beth: Could we make it be both? I bet we could.
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Figure 5.7: Amy and Beth's Addition and Subtraction Problem

Beth continued to discuss two different views of the diagram. The first situation,
starting with the entire sum and then taking away some amount, represented subtraction;
the second perspective, adding some amount to part of the quantity, corresponded to a
missing addend. Although she saw both relationships within her picture, Beth had
difficulty believing it. This seemingly contradictory information appeared inconsistent with
Beth's sense of logic and sequence in mathematics, yet she also seemed unwilling to
dismiss the more intuitive possibility that the diagram could show both operations
simultaneously. In her next step she decided that the number sentence, 1/2 + 1/4 = 3/4,
most accurately described their word problem. However, Beth still questioned if she could
identify the operation she actually used to solve this question. To help her resolve this, she
brought Amy's attention back to the diagram.
Beth: But how do we figure it out? If you think about what addition is, it's
adding something on. Did we figure it out by addition or subtraction?
... We used our diagram, but if we didn't have this diagram,
Amy: we could do three quarters take away two quarters equals one quarter.
Beth: It could be our subtraction problem too.
Right. [Our diagram shows subtraction.]
Amy: Is [that] what this shows?
In the above excerpt Beth seemed convinced that their diagram showed subtraction,
while Amy still questioned that assessment. At a later point, however, Beth indicated that
this issue also wasn't completely settled for her.
Beth: But this is a hard question that we haven't really answered yet. What
does our diagram show? Addition or subtraction?
Amy: You could solve this through addition or subtraction, so then what
does [the diagram] show?
Beth: Because in both cases, we've only shown what we know from the
problem, right? In this case, we know she has a half; she needs some more.
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She should end up with three quarters. In this problem, we know she
needs three quarters and she has a half. What else does she need?... The
answer is obvious, but what does the diagram show?
Amy: And I'm not sure what you're struggling with here, because I think
your diagram shows it.
Although Beth's interpretation of the diagram was constrained by her formal view of
mathematics, she seemed to be pushing toward some new understandings. As a step
toward constructing a broader vision, she needed to build upon her former sense of these
operations. Explaining missing addend in specific mathematical terms, she stated: "In this
case, we know she has a half; she needs some more. She should end up with three
quarters." The equation, 1/2 + x = 3/4, corresponded to this statement. On the other hand,
the subtraction equation, 3/4 - 1/2 = x, fit with the following representation: "In this
problem, we know she needs three quarters and she has a half. What else does she need?"
But when Beth went to point out these two operations on their diagram, she reached for
a marker of a different color to indicate their separateness. She initially thought that she
needed to add more lines to show both operations and became confused when she realized
that the figure was already complete without them. Beth's interpretation of their picture
was shattering her prior notion of addition and subtraction as discrete procedures.
Moreover, it is unclear whether Amy noted their connection. Unfortunately, although the
"it" in her response above, "I think your diagram shows it" may have referred to this
possibility, she didn't elaborate further on the issue.
The teachers' work in this study shows their evolving construction of a link between
addition and subtraction. The task drew out the conflict between their adherence to a more
conventional, isolated perspective of mathematics and their new network of
understandings. Although these teachers still largely clung to an algorithmic interpretation
of mathematics, they began to replace this structure with a more flexible, cohesive
framework.
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Connections between Addition and Multiplication
Multiplication with whole numbers is built upon a model of repeated addition. But due
to their composite nature, multiplication with fractions extends beyond its counterpan with
whole numbers. While writing problems about fractions, all the teachers in this study
attempted to build upon the repeated addition model. However, their work occasionally led
them to encounter other forms of multiplication. But because they continued to think about
this operation in terms of its association with whole numbers, they didn’t pursue the
contradictions in their problems.
Meg's multiplication problem demonstrated how she applied her previous knowledge
of this operation with whole numbers to fractions. Thinking about a hypothetical situation
in her classroom, she considered how her students might determine the number of pizzas to
order for their party.
If you assume that each child would eat half of a small pizza and there were
19 children, how many pizzas would we need? So that is a way that I think
of the multiplication of it. So if I were solving it, it would be 19 x 1/2, so it
would be 9 1/2 pizzas, so they would have to buy 10 pizzas.
This question involved taking 1/2 servings of a pizza 19 times. Similarly, Beth and
Amy's problem also drew upon the structure of repeated addition. Their problem consisted
of 1/4 portions of pizza taken 10 times. Amy, however, did not immediately grasp the
connection between their problem and the repeated addition form of multiplication. In the
excerpt below Beth tried to clarify this association to her.
Beth: All right, now why are we going to do this? Do we know? Because
we have kids and we're counting kids. [Pointing sequentially to the
individual quarters of pizza shown in the figure 5.7 below, she continued:]
This is one kid, two kids, three kids, four kids, five kids, six, seven, eight,
nine, ten kids.

Figure 5.7: Beth and Amy's Multiplication Problem
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Beth's explanation of repeated addition related a one-to-one correspondence between the
portions of pizza with the number of kids.
Then Beth informed Amy that the multiplication symbol could be read as the word "of'
in equations. Amy immediately made this substitution in their number sentence, but she
questioned its intent: "One-quarter of ten?" In answer to her query, Beth replied
emphatically, "No, no, no, no." They both agreed that the numerical statement, 1/4 of 10,
implied division, not multiplication. Unfortunately, neither of them attempted to figure out
how they arrived at a sense of division from multiplication. Though this particular
expression didn't fit with the context of their problem, the substitution is valid for
questions using the operator type of fractional multiplication. But whether Beth thought it
did apply in their situation or she merely recalled learning it from some previous lesson, the
introduction of this different form of multiplication led them to consider its meaning.
Unfortunately, they didn't pursue this line of reasoning.
Jo's school problem illustrates how fractions might function as operators.
You could say there was a graduating class of 480 students. Okay, 1/6 of
the class studied business and 1/8 of the class attended vocational school.
Then you could find out how many students attended business and
vocational.
In the above example fractions determine a relationship between quantities. One-sixth
of 480 yields the number of students who attended business school and 1/8 of 480 yields
the number of students who attended vocational school. However, although Jo posed a
multiplication problem, she didn't recognize it as a multiplication problem. She attempted
instead to solve her question as she might have approached an addition or subtraction
problem, finding the common denominator of the two fractions. Using a diagram, she
proceeded to determine 1/6 and 1/8 of the common denominator rather than the original
number of students. Jo then abandoned her work when she realized her product would be
too small.
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Although Jo's approach, like Beth's, led her toward fractions as operators, neither of
them was able to distinguish between this form of multiplication and repeated addition.
The notion of multiplication of fractions, apart from its association with whole number
multiplication, remained largely unchallenged in terms of the data. Thus, the study
participants continued to be limited to their earlier interpretation of fractional multiplication.
However, they did make significant strides toward solidifying their understanding of the
repeated addition type of multiplication with fractions by building on their knowledge of
whole numbers.
Connections between Multiplication and Division
As noted in the literature review, teachers frequently confuse their use of multiplication
and division with fractions with their whole number counterparts. The participants' work
on the assigned task also drew out misunderstandings of this kind. But because, for the
most part, they were willing to examine their errors, this section offers some insight into
teachers' changing conceptions of these operations with fractions.
While Amy and Beth successfully used their knowledge of multiplication and division
with whole numbers for composing fractional questions, their subsequent discussions
exposed the limits of those understandings. As previously described, their multiplication
problem posed a situation in which each of ten children eat 1/4 portions of pizza. At one
point in their work, Amy admitted that she didn't know whether one of the factors was
inverted when she multiplied or divided fractions. Instead of just telling Amy the answer,
Beth tried to offer Amy a meaningful explanation of multiplication. Beth first linked the
operation with repeated addition, calling for 1/4 portions of pizza taken ten times.
However, when she next substituted the word "of' in their number sentence, 1/4 of 10,
they both noted the implication of division, not multiplication, in that statement.
Beth and Amy also touched on the issue of division within fractional multiplication in
another problem. Their division question asked how much of the remaining cake each of
the three guests' would be taking home. Looking at their diagram raised some doubts for
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Amy about their number sentence, 1/6 -5- 3. In Beth's effort to help Amy understand their
equation, she pointed to one piece of the remaining cake, saying that it represented 1/3 of
1/6. Beth appeared to make the transition between division and multiplication based on her
view of the diagram.
Moreover, at a later time Beth elaborated on the sense of division in the phrasing of this
problem.
Why don't we leave this and think about what this means though? Taking
1/3 of 1/6, you're taking 1/3 of it. It really keeps shrinking.
Beth identified taking 1/3 of 1/6 as a "shrinking" process. The part that each person
would take home was smaller than or "shrunk" the remaining piece of cake. This kind of
multiplication, like 1/4 of 10 noted previously, implies whole number division rather than
the repeated addition form of multiplication. Amy and Beth's work on fractions led them to
the seemingly contradictory piece of information: "of" meant multiplication, but its use in a
number sentence inferred division. But they appeared to accept these ideas without
reframing their sense of multiplication with fractions. Similar to their work on addition and
subtraction, Amy and Beth could "see" and consider multiplication and division with
fractions together, yet their restricted ideas of mathematics ultimately caused them to isolate
these concepts.
What distinguished Meg's performance from the other teachers was her recognition
of and deliberate attempts to untangle the complexities between fractional multiplication and
division. After composing a fractional division problem, she realized that she couldn't
initially make sense of its answer. In order to understand her question, Meg needed to
distinguish more clearly between the meanings of these two operations. Like Amy and
Beth, Meg also approached the task tentatively.
The multiplication and division of fractions is still harder and that's still an
area, even after last summer, that I get confused on.... When we worked
with ... division of fractions, I realize that the invert and multiply
business, you really were multiplying. So I still have trouble with that.
And I haven't had to apply it because my kids don't get into that, so that's
still a harder area for me.
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Although Meg effortlessly wrote a multiplication problem derived from the whole
number model (described in a previous section), she hesitated in her approach to division.
Perhaps because her multiplication question was so straightforward, she decided to use it
as the basis for her division problem.
The division is still the hardest area so I guess if you were doing it the other
way around [from multiplication] and you said you had two pizzas that you
were sharing equally with 19 people, how many pieces would you need
[per pizza]?
Meg immediately started to question this problem, however, because she thought that
the plausibility of two different numerical answers--9 pieces out of one pizza and 10 pieces
out of the other pizza-might confuse her students. Thus, she revised her problem to read:
"There are 19 people sharing two pizzas. Each pizza will be cut into the same amount of
pieces, how many pieces will you cut each pizza into?" Then Meg wrote out the following
solution path-2 -s-19 = 2 x 1/19 = 2/19 = 9 1/19 = 10-making some significant mistakes
in these steps.
Meg made her first error when she set up her number sentence as 2 -*■ 19. Secondly,
making more than just a calculation error, she converted 2/19 to 9 1/19. Addressing the
latter mistake first, Meg initially attributed this mistake to an inadvertent transposition of
2/19 to 19/2. Later she said that she made this error because she mistook multiplication for
division with fractions.
Meg: I mean what I was really thinking was 1/2 of 19. I mean that's really
what I was thinking. So if I have my two pizzas, then I've got to have 19.
I mean obviously one's got to be 10 [pieces] and the other one does too...
. So again, this is where I said, I don't think of it as division—obviously.

Multiplying with fractions implies division. Meg was "really thinking" of her problem's
solution path as 1/2 x 19 = 19/2 = 9 1/2. Though she wrote the following steps in her
division calculation above, 2/19 = 9 1/19, in her mind, she substituted the multiplication
steps, 19/2 = 9 1/2.
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Meg next focused on her initial mistake: her number sentence for her division question
didn't match her word problem. She realized this error when she attempted to write
another division problem using these same variables.
I see, I started out saying there are 19 people sharing two pizzas. Then I
went two divided by 19. If I get 19 divided by two, I get 9 x 1/2—no, 19 x
1/2 which would give me 19/2 = 9 1/2. So I actually set it up right here
with the phrasing, but when I set it up with the mathematics, I was thinking
of the two pizzas.
The context for Meg's question involved 19 people sharing two pizzas, but she wrote
the equation, 2-5-19. Though she considered writing the correct equation, 19 -5- 2, Meg
switched its dividend and divisor. She made this transposition because when she
interpreted 19-5-2 literally (19 people divided by 2 pizzas), it didn’t make sense. Meg now
realized that 19 -5- 2 did fit appropriately with her statement, 19 people sharing two pizzas.
Ultimately, Meg learned about the meaning of two divided by 19 and about precision in
mathematics.
Unlike the other participants, Jo had difficulty modeling fractional multiplication on
whole number multiplication. At the onset of this task, Jo emphasized that she was
uncomfortable working with fractions. In order to provide some assistance, I asked her
initially to think about creating a multiplication word problem with whole numbers. After
successfully composing several questions, she attempted to transfer her understanding of
this operation with whole numbers to fractions.
How you get fractions, okay, you can do it with pieces. If you wanted to
cut eight pieces in every pizza and you had five pizzas, no, you cut it in
eighths, not in eight pieces, in eighths or sixths. Then you have five pizzas
or five cakes, then how many pieces would you have? It should be the
same thing [as multiplication with whole numbers].
Jo's work may have demonstrated her preference for using whole numbers rather than
fractions. If this were the case, the calculation for the above question was 8 x 5 = 40. But
her fractional problem required division instead of multiplication, 5 -5- 1/8. After pausing
for a minute, I asked Jo to tell me the number sentence which corresponded to her problem.
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Jo: Oh, wait a minute, you have to remember fractions get lower. You get
smaller numbers, they get bigger. So if you had five pizzas and you cut
them into eighths, how many pieces would you have? One, two, three,
four, five. Then you'd cut them into eighths, times five is 40 pieces. Each
piece is 1/8.
Five times 1/8. That doesn't make sense. That's what I just got done
saying. No, it's one over eight. If you reverse it, it's either multiplication
or division. It's been so long ago, I don't remember. That's how schooled
I am in fractions. . . .
I remember one time, its just, do you invert it when you multiply?
I: You invert it when you divide.
Jo: Divide? That doesn't make sense.
Although Jo recalled that, when multiplying a whole number by a fraction less than
one, its product is smaller than the whole number being multiplied, she couldn't use this
information effectively in her problem solving. She also didn't remember accurately
another rule: invert and multiply when dividing fractions. And even when informed of the
correct procedure, Jo didn't apply it to her solution path. She knew that 5 x 1/8 wouldn't
produce her expected answer and she failed to consider 5 -5-1/8 as an alternative.
Jo's inability to distinguish between whole number and fractional operations was also
evident in her work on her subtraction question. As described in the previous section, this
problem asked what the boys’ share would be if the girls ate 1/24 of four pizzas. Jo
initially introduced the question as her division problem. Speculating about why she saw
this operation brings out some interesting points. Jo might have divided 24 by 4 to arrive
at 6. But instead of using division with fractions, she used it with whole numbers. She
might not have even been aware that she had done this probably to avoid the more
complicated task of setting up a fractional multiplication problem. Alternatively, Jo may
have thought of the problem as division because, similar to Meg's work above, multiplying
fractions implies division of whole numbers. Both of these possibilities indicate some of
Jo's underlying confusion about fractions and her failure to comprehend how their
composite nature added to the complexity of these operations.
In conclusion, the teachers brought out some important mathematical connections
between multiplication and division of fractions. All of them acknowledged the inverse
relationship between fractional multiplication and division and considered whole number
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multiplication as a model for operating with fractions. Moreover, in several instances, the
limits of that structure were encountered, supporting the need for a broader perspective on
multiplication with fractions.
Interrelationships between Mathematics and Self-concepts
In addition to the new networks established among mathematical concepts, the teachers
developed rich interrelationships between the subject matter and their personal experiences.
This section explores several aspects of the phenomenon as it occurred during the course of
their problem solving with fractions. In essence, it tells the story of how these teachers'
conceptions of themselves as mathematical thinkers mediates their willingness to think
about, use, and even play with mathematics.
Connections with One’s Own Feelings
Finely interwoven with these teachers' learnings were their emotions as they solved
problems. Just as contextual and visual thinking invited access into the realm of
mathematics, teachers' feelings and interactions with others influenced their performances.
As pointed out in the literature review, negative emotions, such as confusion, frustration,
and bewilderment may signal failure and precipitate an end to problem solving. The key is
in the reinterpretation of these feelings as part of, not separate from, the learning
experience. Moreover, teachers' understandings are also affected by working with others.
By far, the most problematic aspect of their assigned task, and therefore, the most
emotion engendering, was multiplying and dividing fractions. Even though these
participants varied widely in their skill levels, they all approached the activity with marked
trepidation. For example, by the time Jo started this part of the assignment, she had
already encountered some difficulties. She mistakenly referred to the use of division to
solve her question on the distribution of the girls' and boys' shares of pizza. And she
abandoned her work on her problem which asked about the number of students who would
attend business and vocational school. These experiences may have heightened Jo's
anticipation of multiplication and division with fractions.
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As mentioned previously, in order to help Jo, I asked her first to write
multiplication and division problems using whole numbers. Although Jo succeeded in this
endeavor, she failed in her attempt to apply these procedures to fractions. Jo
acknowledged that she stopped making connections when she "got back to doing
fractions." But instead of addressing the role of such emotions as frustration or fear in her
performance, Jo attributed her difficulties to her past experience.
Well, number one, I don't work with fractions so I've never had an
occasion to write problems like that. Number two, when given the
problems. I've only ever been given the results. We did write a couple [of
questions], but they were very simple.
In the above instance, Jo avoided taking responsibility for her own problem with
mathematics. Similarly, she used her students’ level of ability as a rationalization for her
perception that she couldn't answer the school question.
Oh gosh! 480 students—that would be the whole if I used a number like
that. If you don't use that, it would be better to just use 1/6 or 1/8. If you
use a whole like that, kids can't do that.
Despite Jo's excuses for her difficulties, she seemed generally discouraged with her
performance and even defeated by the activity.
Like Jo, Meg expressed anxiety about working on multiplication and division with
fractions. "The multiplication and division of fractions is still harder [than addition and
subtraction] and that's still an area ... that I get confused on." Her first sign of
puzzlement occurred when she noticed that she had mistakenly converted 2/19 to 9 1/19.
But instead of allowing these feelings to interrupt the learning process, she became
intrigued about the source of her miscalculation. Meg soon realized that she had a
preconceived notion of her solution as 19/2, not 2/19. With this answer in mind, her
bewilderment was readily replaced by feelings of satisfaction. "Oh, I see what I did.
That's interesting."
However, Meg's positive emotional tone was short-lived; she soon realized that her
calculation still didn't match her word problem. With increasing self-consciousness, Meg
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remarked: "Well, that doesn't work.... Okay, I'm really embarrassed not to know how
to do this." Not surprisingly, given her previous forbearance on the task, Meg continued
her investigation of the question. Even though more frustrated by this set of
circumstances, Meg seemed to accept the emergence of these kinds of feelings during the
course of problem solving.
Amy and Beth initially identified their apprehension about the task of composing a
fractional division problem. Amy remarked: "But I just know that I won't feel as
comfortable multiplying and dividing fractions. I can add them and subtract them so this
isn't a problem." Beth, although more self-assured about writing a multiplication problem,
expressed the same feelings as Amy about division: "Why does division do this to us?"
Interestingly, through the course of her problem solving with Beth, Amy came to feel
more capable.
I really expected to be at a loss to handle fractions much at all.... [But]
every time I learn this way, I have a sense of being more able than I thought
I was.
What qualities in "this way" of learning offered Amy "a sense of being more able" ?
For one thing, Amy had the opportunity to participate in a class organized around the
assumption that learners develop their own webs of understanding. Challenged to think
about this subject matter in a new light, she readily began to attach her own meaning to
mathematical ideas.
I was thinking that just solving the problem, I would learn it. If I were just
given this problem and had to do the diagram and the number sentences,
then solving the problem would definitely be a learning situation, but having
to make up the problem is—puts a little more responsibility on [me].
Amy's thoughts at a critical moment on the division problem she wrote with Beth
illustrate her active engagement in mathematical problem solving. After realizing that the
solution to her calculation matched her perception of her diagram, she said: "Nobody ever
told me that. Nobody let me learn that." "Nobody" appears to refer to outside sources
which Amy had perceived as authorities in mathematics: past teachers, professors.
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researchers and authors of the textbooks she used in her classroom. Amy now appeared
somewhat outraged that "these authorities" didn't think she was capable of understanding
this subject matter, except at a level of memorizing procedural and rote techniques.
Assuming this kind of responsibility empowered Amy. She began to develop a new sense
of herself as the architect of her own learning.
Connections with the Feelings of Others
More than merely composing word problems, Amy's work with Beth demonstrated
their mutual responsibility in all aspects of their problem solving. Because they worked
together on the task, they took responsibility for helping each other to learn. Throughout
their conversation they were careful not to impose their knowledge on one another, instead
they nurtured each other's thoughts. Amy acknowledged a fundamental respect for and
acceptance of each other's values.
I think we listened to each other. I don't think we had a point where we
weren't communicating so that we didn't understand what the other
thought. I think that did happen a couple of times, but we were able to clear
it up through the other person.
Knowing how to offer helpful criticisms of each other's work is at the core of learning
together. In general, Beth and Amy's interactions were based on their perceptions of the
other's needs. Because they were willing to listen and to trust each other, they could risk
learning the new language skills necessary for discussing mathematical explorations.
Beth and Amy also tested their own understanding of the material by posing questions
to each other. Such questions asked for clarification: "What did you ask?" or for
assistance: "I need help." They engaged in discourse and thus, drew out one another's
ideas. Furthermore, they inspired each other to do their best work.
Amy saw the essence of working together in the joy and excitement of the shared
experience. She mentioned that Beth not only helped her focus her own ideas, but also
broadened them by exposing other mathematical points of view.
I wouldn't want to be sitting here doing this by myself. It's more fun to
have somebody else to do it with. And when you get stuck, it's harder to
94

get out of a stuck place all by yourself. When you don't understand
something, the other person is apt to be able to take it from there. So
working with somebody is certainly a big help.
CQnglusiQns
The data show that the teachers in this study demonstrated a new way of thinking about
mathematics. Their work on the assigned task brought out the limitations of their previous
knowledge which was based on a traditional approach to mathematics: a confined, formal
language of symbols, formulas and procedures. They found that the operations they
thought would solve their word problems led to dead ends and a sense of frustration. And
though these factors eventually did lead Jo to abandon her efforts mid-way through the
task, all of the participants sought to explore the meaning behind the conventional methods
of mathematics. These teachers became engaged in doing mathematics by asking questions
about its connections to contexts and to other ideas and representations. Thus, they
acquired firsthand knowledge about the process of constructing their own conceptions of
the subject matter and changed their visions of its underlying nature.

95

Notes
'The inclusion of the number of slices in each pizza was irrelevant to the problem's
solution.
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CHAPTER 6
CONCLUSIONS AND IMPLICATIONS

Conclusions
This study does not conform to the typical pattern of educational research where
investigators assess student performance or teachers' classroom practices. It considers
instead the knowledge and beliefs women practitioners bring to their mathematics learning
and teaching as they mediate innovation through their own personal and professional
outlooks. More specifically, the research addresses how four practitioners in the context of
an innovative program make sense of the current reforms in mathematics education like
those advocated by the National Council of Teachers of Mathematics (NCTM) (1989,
1991).
For the most part, the participants' learning and teaching experiences had been steeped
in what Ball referred to as "the traditional epistemology of school mathematics":
Mathematics is a body of knowledge, consisting of concepts and
procedures. Skill with these mathematical procedures is the central goal.
The teacher dispenses the essential knowledge, the children receive it.
There is a right way to use and do mathematics. (1990c, p. 156)
In contrast, the proposals offered by the NCTM reflect the goal of mathematical reasoning.
Children construct the essential knowledge; teachers facilitate that process. The possibility
exists of more than one way to use and to do mathematics. Yet, due to teachers' years of
apprenticeship as both students and instructors in the conventional system, the transition
from their old to new ideas is a monumental endeavor. The present research looks at the
ways that teachers reconceive their approaches to and consequently, their assumptions
about mathematics.
The study's data was derived from two sources. The first accounts were the
participants' own stories of their past and present experiences as women learners of
mathematics. Gleaned from semi-structured interviews, their narratives addressed in depth
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the practitioners' impressions and values from the time when they were elementary school
students through the time they were teachers of elementary school pupils. The second area
of data collection was observations of the participants' work on questions about fractions.
Each teacher was asked to compose word problems corresponding to the four basic
operations with fractions-addition, subtraction, multiplication and division-and to solve
them using both diagrams and number sentences. The task is particularly challenging
because it draws upon conceptual understanding of fractions, a topic of mathematics taught
traditionally in a very procedural manner.
Because the gathering and reporting of the research findings were handled in two
separate protocols, the teachers' ideas about the nature of mathematics and learning
(Chapter 4) have been treated separately from their performance and reflection on the
study’s task (Chapter 5). This concluding chapter will interrelate both types of information
in an effort to describe more fully how the practitioners in this study thought about and did
mathematics.
The framework for this analysis is based on Belenky, Clinchy, Goldberger and
Tarule's book, Women's Wavs of Knowing: The Development of Self. Voice, and Mind
(1986). I believe that the four participants' current ideas about mathematics and learning
and their work on fractions are consonant with the reasoning of women whom the authors
refer to as "constructed knowers." The following excerpt highlights the ways of knowing
expressed in this position:

These women were all articulate and reflective people. They noticed what
was going on with others and cared about the lives of people about them.
They were intensely self-conscious, in the best sense of the word-aware of
their own thought, their judgements, their moods and desires. Each
concerned herself with issues of inclusion and exclusion, separation and
connection; each struggled to find a balance of extremes in her life....
[They] learned the profound lesson that even the most ordinary human
being is engaged in the construction of knowledge. 'To understand,’ as
Jean Piaget (1973) said, 'is to invent.’ (p. 133)
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Constructed knowing is the last and most complex level in Belenky et al.'s scheme.
The four preceding positions emphasize either intellectual or emotional perspectives. The
rational sphere is embodied in the received and procedural stages; women who think in
these ways leam to reason objectively. They have achieved what the authors refer to as an
external sense of authority because they have access to objective, public means of
reasoning. In contrast, a private sense of authority is garnered from one's intuitions and
emotions; this way of knowing is consistent with the subjective and connected
perspectives. The constructed vision combines these two points of view, acknowledging
the personal outlooks and biases of people as a vital component of their formal
understandings. Only at this level, according to Belenky and her colleagues, do people
speak in their own authentic voices.
Moving Outside the Given
Belenky et al. noted that all of their informants who thought as constructed knowers
underwent a process of self-reclamation before entering this stage. These women required
time and separation from their typical routines and affairs in order to leam more about
themselves and their views of the world. The authors referred to this period as "moving
outside the given" because their participants needed to step outside their years of formal
training in order to regain a sense of their former selves (p. 133). Only after rediscovering
their feelings and innermost thoughts could these women truly create their own forms of
knowing.
All of the participants in the present study had also "moved outside the given" in terms
of their perspectives on knowledge and authority prior to their attendance at SummerMath
for Teachers. Jo recalled the profound crisis that the death of her husband precipitated in
her life. As the sole caretaker for her young children she became more acutely aware of her
responsibilities. And later as a mother of adult children, Jo gradually came to comprehend
others as in charge of themselves and their own learning. The story that Meg told about her
relationship with her physician around the time of her first child's birth pointed out her
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changed identity as a knower. Instead of informing her that her symptoms might indicate a
tendency toward miscarriage, her doctor withheld this information. Meg subsequently
realized her resentment at his attempts to shield her from this possibility; they interfered
with her ability to make her own decisions. Amy also needed to cast off the protection of
others in order to uncover her own thoughts and feelings. During class discussions in
graduate school she became conscious of her readiness to engage in discourse with her
professors rather than to defer to their authority.
Unlike the other three participants, Beth didn't mention any particular incident marking
a period of moving outside the given. For the most part, she felt that her parents and
teachers respected and encouraged the expression of different opinions. Moreover, Beth's
undergraduate and graduate studies were followed by teaching positions in the same
innovative setting. Perhaps her exposure to progressive ideals outweighed her experiences
in conventional institutions, allowing for a smooth rather than abrupt transition into the
constructed knowledge stage.
In any event, each of the above narratives portray the practitioners' openness to engage
in ideas and willingness to challenge people in authority. This was confirmed in each of
their lives in education through their approaches to graduate studies in language arts and
inservice experiences in science as well as their adoption of innovative teaching practices.
Moving Outside the Traditional Structure of Mathematics
Belenky et al. believe that the process described in "moving outside the given" leads to
an awareness of the relative and contextual side of knowledge. As their informants
searched for patterns in their lives, they discovered their varied responses in different
situations. But because mathematics in conventional settings has been presented in an
absolutist fashion, another perspective on this discipline was particularly difficult for the
teachers in the present study to imagine. So although each of the participants entered
SummerMath for Teachers thinking as constructed knowers in some aspects of their lives,
this was not the case with respect to their ways of learning and teaching mathematics.
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Three teachers' experiences learning mathematics before SummerMath for Teachers
corresponded to the perspective of received knowing, the second stage in Belenky et al.'s
scheme. The narratives of Meg, Amy and Jo revealed that they thought of mathematical
knowledge as handed down by some higher authorities-their instructors, principals,
researchers and textbook makers--and accepted unquestioningly their interpretations and
methods. These individuals, the teachers believed, knew the correct procedures, the one
and only "true" answers to mathematical problems. On the other hand, the practitioners
characterized their own understandings of the subject as compartmentalized and
fragmented. They also felt alienated from mathematics due to the predominance of
stereotypical male-oriented topics in mathematical problems.
In addition to their reliance on experts as the source of all mathematical knowledge,
Amy, Meg and Jo thought that their previous instructors in this field disregarded their
comments and kept themselves emotionally distant from students. They sensed that their
teachers didn't consider them capable students and they also came to think of themselves
this way. Meg passed her courses by memorizing the material rotely; Jo paid someone to
do her homework; Amy tried to avoid the subject, referring to herself as "math phobic."
In contrast, Beth's earlier schooling in mathematics did not mirror the experiences of
the other participants. She enjoyed the subject and felt that her teachers respected her input
in class discussions. Her descriptions of her previous work in mathematics were
consistent with the fourth position in Belenky et al.'s model: separate procedural knowing.
Beth felt that she continued to gain mastery of mathematical procedures until mid-way
through her college coursework. Her work on the study's task supports that she had
attained a considerable degree of fluency within its symbolic system. However, she later
recognized that her understandings were limited to certain kinds of representations. For
example, she wasn't able to attach contextual meanings to symbolic situations.
Each practitioner credited the SummerMath for Teachers Program with helping them
truly "move outside the given" in this field. At this time their stories revealed that they
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began to incorporate subjective and connected procedures into their deepening intellectual
understandings. Most significantly, the teachers came to see that people other than
"experts" become engaged in mathematical ideas. All of them recognized the power of
learning mathematics as a subject where people talked about and listened to one another’s
ideas, in some cases for the first time. These discussions supported the legitimacy of
multiple perspectives on the subject and the value of personal experiences in their
reasoning. Amy noted how important it was to her that the SummerMath for Teachers staff
encouraged her to play with and explore her ideas instead of trying to reinforce their own
points of view. She felt that she finally wasn't working for the instructors, but toward her
own learning. Beth questioned her previous acceptance of and conformity to a set of
impersonal standards for learning mathematics. She noted that the staffs questions
encouraged her conceptual, personal understanding of the material rather than the
application of a new set of procedures. When Meg realized that there were several paths
for reaching mathematical answers, she began to learn the subject as she did other things in
her life. By searching for her own meanings and patterns she came to see mathematics as
"thinking," not just "numbers." Jo reflected on the sense of personal responsibility which
she felt because she was now accountable for her own ideas. She thought about how the
processes of analysis and reflection occurred and wondered what factors made learning
more meaningful to her.
The teachers' strategies for gaining access to mathematical ideas at SummerMath for
Teachers also supported the inclusion of emotional and rational features in their thinking.
To begin with, the situations they chose for their word problems were linked to their
comfort with the subject matter and thus, their ability to engage with it. The teachers
selected topics which were not only familiar to them, but close to the core of their existence:
their roles as caretakers in their homes and in their families. Moreover, their questions
related to the kinds of dilemmas typical in daily life. The people who figured in their
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problems needed to determine fractional quantities because they had misplaced some of
their measuring cups or because they had tried to give everyone equal portions of food.
Another way in which the study's practitioners applied what was vital to their lives into
problem solving was through their everyday use of the subject matter. The participants in
this research employed pictures as practical tools for sorting out mathematical relations. Jo
knew that she needed to show 1/24 of the pizza delivery to represent the girls' share. She
quickly drew four circular pizzas and then divided them each into six slices in order to
arrive at a total of 24 slices. Her response was fluid and automatic; it was as if Jo had cut
up pizzas this way many times.
While Jo drew a diagram to make sense of her problem immediately, Amy and Meg
sketched the mathematical relationships in their questions after working on the calculations.
Amy wasn't sure that the numerical expression she composed with Beth, 1/3 x 1/6,
corresponded to the portion of cake that each guest would take home. It wasn't until she
actually outlined the cake's 18 pieces that she became convinced of her number sentence's
correctness. Similarly, Meg's picture provided the clues she needed to decipher her
calculation. This occurred after she determined each student's portion of pizza as 2/19,
based on a situation where 19 pupils were to share two pizzas equally. Sketching a
representation of the scenario assisted Meg's understanding of the mathematics in two
ways. First, drawing the pizzas and dividing them according to her numerical procedure
gave her a concrete sense of the unwieldy nature of the solution, and second, she identified
that 1/19 of each child's serving would come from each of the two pizzas. This researcher
could not find other examples of teachers' usage of visual data for comprehending
mathematics in the literature. And those investigations which reported other populations'
use of this tool didn't convey its overall effectiveness, documenting instead such subskills
as completeness and accuracy (Simon, 1986; McKee, 1983).
The affective component of problem solving was also evident in the new connections
the practitioners sought from their previous knowledge of mathematics. For instance,
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following her decision to write one instead of two questions for addition and subtraction,
Beth considered whether both relations could be represented simultaneously in the diagram.
Her discussion on this topic with Amy led to subsequent disequilibrium followed by new
insights concerning the associations between these operations. In another example, several
teachers puzzled over the sense of division seen in operator multiplication with fractions.
Although they didn't pursue this line of reasoning further during the course of the study,
the participants began to question their conception of multiplication when they realized that
this type of multiplication didn't fit their notions of whole number multiplication. Meg's
attempt to work from her sense of the relationship with whole number operations for
writing a fractional division problem demonstrated her struggle to maintain her train of
thought in the face of some uncomfortable feelings which the task engendered. At several
points she expressed her embarrassment, bewilderment and frustration at her difficulty with
composing a matching word problem and calculation. Sustaining Meg's progress,
however, was both her underlying confidence in her ability and her intellectual curiosity
about the question. In fact, although all of the practitioners said that writing fractional
division problems aroused their anxiety, only Jo left the task unfinished. While in the past
the emergence of such feelings as frustration and bewilderment would have immediately
signaled failure to these teachers, they now recognized the value of these reactions as
inherent in learning process.
All of the practitioners in this study came to recognize that though learning knowledge
through firsthand experience was a time-consuming activity, it was necessary if learners
were to arrive at their own understandings. This self-consciousness about their role as
inventors of knowledge is the hallmark of Belenky et al.’s last stage, constructed knowing.
Amy noted that she felt a "real sense of freedom" and "personal power" in her own
capabilities as a mathematical thinker when she was given time to work out her own
conclusions. Beth said that she also felt a sense of independence because she now more
readily explored her own thinking instead of mimicking standard, "acceptable" approaches
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to the subject. In addition, all of the teachers recognized how teaching step-by-step
methods unintentionally stifled their students' learning as well as perpetuated a cycle of the
instructor as the sole authority in the classroom. Belenky et al.’s descriptors for the
constructed knowing stage-question posing, evaluation of knowledge and expertise,
passionate knowledge, real talk, and commitment and action-will be used to elaborate on
the study's data in terms of this perspective.
Question Posing. The teachers' move outside the traditional framework of knowledge
and authority in terms of their understandings of the world demonstrated their sense of
choice in thinking. Like Belenky et al.'s women, they asked themselves, "In what way am
I going to approach the world as a learner?" (p. 136). They formulated generative
questions challenging their notions about institutions which they had been part of for most
of their lives. Question posing, the same method of inquiry that helped them create a new
vision of education, was also evident in their reconceptualization of mathematics.
Beth and Amy's recipe problem illustrated teachers' problem posing on fractions.
Their question stated that a cake called for 3/4 cup of flour, but only a 1/2 cup measuring
container could be found. Initially they thought they would add to find out how much
more flour was needed, but Beth soon questioned that course of action. "How are we
going to do this though? How are we going to add? We may find out it's subtraction."
Looking at their diagram led to more considerations. "What did our picture show-missing
addend or subtraction? Could it contain both operations? But what was the operation we
actually used to solve the problem?" And finally, after debating these points at great length,
Beth emphasized her overall confusion and frustration in another inquiry: "But this is a
hard question that we haven't really answered yet. What does our diagram show?
Addition or subtraction?" Beth's questioning led to new possibilities. In this particular
situation, though she saw that one visual representation showed both missing addend and
subtraction, it caused disequilibrium in her thinking because the idea conflicted with her
previous conception.
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Problem posing was the most prevalent strategy used by the participants in the present
research. Rather than merely asking for methods and solutions, their inquiries guided and
fueled explorations of mathematical assumptions, biases and representations. Questioning
provided access to the material and opened mathematics as a debated and reasoned activity.
The importance and relevance of teachers' unanswered questions to themselves about
fractions was also demonstrated in two case studies cited in the literature review (Chapter
2) (Schifter & Fosnot, 1993; Ball, 1990b).
Evaluation of Knowledge and Expertise. In addition to taking seriously the task of
creating their own ways of knowing, the teachers in the present study also accepted
responsibility for examining critically the ideas of others. This process meant separating
themselves from those whom they had previously considered as authorities. It took Meg
approximately three years to speak out about her vision on her school's mathematics
curriculum because she was aware that she disagreed with some of the ideas of her
principal and her peers. Amy mentioned that her experience at SummerMath for Teachers
helped her recognize her previous dependence on instructors. She no longer wanted to be
protected by them as she felt more self-assured about her own capabilities as a learner.
More than any of the other participants, Jo's sense of confidence in mathematics was
hampered by years of negative associations learning the subject. Although she provided
rich descriptions of her mathematical problem solving, Jo didn't always recognize her own
strength in this area. Beth's task was perhaps the most formidable in this regard because
she, unlike the other participants, had previously felt secure with her mathematical skills.
Beth now questioned the basis of that assumption, examining more closely what she knew
and the frontiers of her current understandings. In sum, as the teachers assumed greater
responsibility for evaluating the ideas of others, they established independence from
principals, peers, past teachers, and past self-concepts in terms of mathematics.
The Passionate Knower. What is meant by the term "passionate knower" is the extent
to which people "enter into a union with that which is to be known" (Belenky et al., p.
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141). The teachers in this study searched for the links between their own lives and other
points of view. They "learned to use the self as an instrument of understanding,"
subsuming all former ways of knowing (p. 141). By permitting emotions to enter their
most abstract and logical forms of reasoning, the practitioners came to care more deeply
about and empathize more fully with what they were attempting to know. They learned
more about mathematics and themselves as teachers of the subject when they viewed the
material through the eyes of their students.
To begin with, the cognitive-developmental issues surrounding their students colored
the examples which the practitioners produced for the task. Meg imagined the reactions of
her class when she evaluated the reasonableness of the answer to her pizza problem. Her
question asked: if they ordered two pizzas for their party, what size portion would each of
the 19 children in her class have? But when she arrived at a solution from her calculation,
2/19, she realized that it didn't match the answer she had originally intended. Twonineteeths meant dividing each pizza into 19 slices, and she surmised immediately the
unrealistic nature of this course of action. Yet, what led Meg to dismiss this solution
conclusively was her perception of her students' responses. She felt that they would think
that mathematics was irrelevant if it led to answers where two pizzas were divided into 19
pieces, instead of cutting each pizza into ten slices.
Meg also considered her students' thinking in her addition and subtraction problem.
The question read: if Susie and Johnny each ate 1/4 of a cookie, what part would be left
over? Even before discussing the way that she would approach the problem, Meg
mentioned that her children would most likely draw a diagram and see that 1/2 of the cookie
remained. She also noted that because her students drew a picture instead of calculating the
answer, they probably wouldn't realize that 1/2 and 2/4 were equivalent fractions. This
speculation is supported in the literature: researchers have observed that children develop
the concept of 1/2 in their preschool years and that they continue to prefer this informal way
of reasoning over traditional methods taught later in school (Mack, 1990). (In this case,
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the formal method was in line with Meg's own approach-add 1/4 and 1/4 together, and
then subtract that solution, 2/4, from one.) Thus, Meg's awareness of her students'
cognitive-developmental perspectives were intermingled with her knowledge of
mathematics. Her pupils' thinking sharpened the way she looked at fractions and gave her
insight into what might prove to be a source of difficulty for them.
Jo's knowledge of her children's learning also served as a powerful tool for her
mathematical thinking. Based on her perception of her students' remarks, she redesigned
her pizza problem to distribute the boys' and girls' portions more equitably. In her
farmer's question, she expressed her solution by talking aloud about the steps her pupils
were likely to follow for finding the common denominators. Moreover, Jo thought about
the change in her mathematics teaching in terms of her former students. She regretted what
she now viewed as the "harm" that she had inflicted on them due to the perceived
inadequacies of her teaching techniques.
Thus, the teachers incorporated their understanding of their children's cognitive
development to further their own ideas about mathematics and learning. In a similar way,
Ball's consideration of her third-grade students' intellect informed her evaluation of various
representations for classroom instruction (1990b). In all cases, practitioners introduced
this knowledge naturally, almost effortlessly, because the capabilities of their children were
already so much a part of and integrated into their own forms of reasoning.
Real Talk. More than merely conveying information, "real talk" is the capacity to share
ideas with others. It involves an attempt on the part of each person to arrive at new
conclusions together. The teachers in this investigation said that one of the difficulties
associated with real talk in mathematics was keeping track of their own thoughts. In their
past experiences learning the subject, they felt that their instructors squelched the
development of their ideas. The study's task provided an opportunity to observe, in part,
the teachers' efforts at regaining a sense of their own thinking.
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Beth and Amy referred to the SummerMath for Teachers Program as a model for taking
part in real talk with others. Instead of lecturing on mathematics, they noted that the staff
brought out learners' ideas of the material and assisted them in extending and/or
reorganizing those ideas. Amy's and Beth's own conversation about mathematics was also
an example of real talk. From the beginning, they shared mutual responsibility for problem
solving in spite of differences in their previous knowledge of and self-assuredness on the
subject. They also showed respect for each other's points of view and attempted to follow
one another's work wholeheartedly. Moreover, Amy noted that talking with a peer made
problem solving more fun and motivated her to put forth her best effort.
Reflecting on real talk helped the participants envision collaborative exchanges in their
own classrooms. Amy now saw that instead of guiding her children's progress, she had
unintentionally smothered their learning when she attempted to protect them from failure.
Meg resolved to refrain from giving orderly presentations for her students to follow rotely.
The participant most comfortable with disagreement, Jo, hoped to keep her students from
becoming complacent about learning. Likewise, Beth desired to have her students
experience the same kind of disequilibrium and reconstruction of ideas which accompanied
her quest for knowledge at SummerMath for Teachers.
The tone of the conversation described by both the participants and Belenky et al. was
supportive rather than confrontational. In the authors' discussion of a proposed model for
connected teaching, they referred to the instructor as a midwife-teacher. Instead of
imposing knowledge on others, they seek to nurture others' thoughts. Midwife-teachers
probe their students' thinking with such comments as "What you're thinking is fine, but
think more" (p. 218). In this model people know each other personally and can offer
"helpful," not "hurtful" criticisms of each others' work (p. 222).
Commitment and Action. The last component of constructed knowing which held
significance for this project was in the area of commitment. Belenky et al. used this word
in its broadest sense, referring to the integration of responsibilities in all spheres of life.
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However, because mathematics is traditionally taught as isolated bits of information and as
insulated from people's emotions and feelings, prior to SummerMath for Teachers it was
difficult for the participants to envision a more inclusive commitment to teaching this
subject.
Like the women in Belenky et al.'s research who thought as constructed knowers, the
teachers considered their commitments in the context of many relationships. All of the
practitioners believed that their new engagement with and investment in mathematics at the
program helped them expand their view of classroom practices in all disciplines. Instead of
attempting to transmit information to their students, they now sought to help them
restructure their understandings. The teachers' relationships with their students also
changed as a result of their revised pedagogical outlooks, shifting from authority figures to
guides of their pupils' learning. Moreover, their new perspectives on teaching also
extended beyond their own classroom settings, affecting their interactions with their peers,
principals, and the parents of their students. In their attempts to gain understanding and
support for their innovative methods, the participants opened the conversation to the larger
educational community.
As the practitioners became more engrossed in learning and teaching mathematics, they
noted the fluctuations and struggles associated with working out the commitment of
establishing a new practice along with other obligations. Several of the teachers expressed
doubts and uncertainties about their new visions for education. Although they began to
sense mathematical power in themselves and their students, their caring attitudes tempered
what they were willing to risk in implementing their beliefs. For instance, Meg wasn't
ready to abandon her use of the mathematics textbook until she had time to evaluate how all
of her students might benefit from her new pedagogical approach. Jo, though less cautious
than Meg, kept in mind that her revised ideas about mathematical learning existed in an
ever-changing state of growth. So while she adopted these reforms readily, she also
remained receptive to new interpretations.
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In conclusion, the teachers who demonstrated their willingness to engage in
mathematical ideas at SummerMath for Teachers might also be described as constructed
knowers in Belenky et al.'s terms. It is not a coincidence that this was found to be the case
because the present research's sample was selected specifically to learn more about what
moved participants in the direction of teacher change. Thus, the significance of this finding
is not that these four practitioners thought as constructed knowers, but rather that the
Women's Wavs of Knowing perspective was a useful model for describing how teachers
come to do and know mathematics in ways consistent with the proposed NCTM reforms.
The first section described the participants' break from traditional ways of viewing the
world, a period referred to by Belenky et al. as "moving outside the given." The four
teachers moved outside the given not only in terms of their rich life experiences, but also
through their acceptance of alternative pedagogical methods such as "whole-language"
teaching and "hands-on" science. Yet while they thought as constructed knowers with
respect to being in the world and in certain disciplines, they continued to think as received
and procedural knowers in mathematics. Their vision of this subject was restricted due to
the absolutist way it had been taught to them and their inability to recognize its relevance to
their lives. At SummerMath for Teachers the participants began to learn mathematics as
they did everyday activties; they applied subjective and connected procedures by seeking to
make the subject matter personal, practical and meaningful. Their performance on study's
task showed their use of real-life people and events as well as pertinent diagrams in the
problems they composed.
But most importantly, the multiple perspectives brought forth from activities at
SummerMath for Teachers expanded and transformed the teachers' notions of mathematical
content and of themselves as originators of knowledge. During the course of their
participation in this program the participants began to see themselves as capable of and
responsible for the assessment of mathematical expertise and information. One of the ways
that they came to recognize their own strength in mathematical thinking was through the
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development of effective problem posing. The concluding sections examined how this new
vision of the subject affected teacher-student interactions. Conceived of as a symbiotic
relationship by the practitioners, they noted, on the one hand, the contributions of their
children's thinking to their own understandings, and, on the other hand, their
encouragement of their students' honesty, openness and risk-taking in classroom
discourse. And finally, the teachers' stories brought out a new, more encompassing kind
of commitment to learning mathematics for themselves as well as for their children.
Implications
The section which follows discusses the implications of this investigation specifically
for teacher educators, teachers, developmentalists and researchers possibly for all levels
and fields of education. It considers how these individuals might promote an overarching
goal of teacher education programs: the development of constructed knowers. This aim is
consistent with the recommendations of the National Council of Teachers of Mathematics
(1989, 1991) which seek to challenge fundamental assumptions about what it means to
know and do mathematics. These reformers propose that learners engage in activities
which help them recognize their own mathematical power rather than accept someone else's
interpretations of the material. Most teachers are not prepared to act on this agenda due to
the inadequacy of their knowledge base and the entrenchment of their beliefs in the old
system.
Implications for Teacher Educators
This study documented four teachers' development of deeper understandings in and
changing beliefs about mathematics. As a result of their coursework at SummerMath for
Teachers, these participants not only reconsidered how they thought about content, but also
how they thought about teaching and learning. In their work on the study's task, for
instance, the teachers found that some of their understandings about procedures with whole
numbers didn't fit those operations with fractions. The confusion and bewilderment
brought out by problem solving led them to question the straightforward way they were
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taught the subject. The present study provides evidence for the suggestions of other
researchers who advocate that innovative ideas should be introduced to teachers through
mathematical learning experiences which provoke them to question and deliberate about
their previous values on education (Kennedy, 1991; Remillard, 1990; Wilson, 1990).
Although elementary school practitioners' knowledge of mathematics may have served
them well in most instances, it lacked a coherent, conceptual framework. Opportunities of
this kind help teachers recognize firsthand the necessity for reform.
The four teachers' narratives in this study revealed that while they entered SummerMath
for Teachers as complex thinkers in other aspects of their lives, their visions of and
approaches to mathematics lacked that sophistication. In addition to helping them build
upon their former knowledge of mathematics, the practitioners stated that the program
helped them to recognize the value of their personal reactions to and informal, practical
methods for learning the subject. Adapting Belenky et al.'s work to the classroom setting,
Buerk has sought to develop college students' voices in mathematics (1985). Her
approaches are similar to the intuitive, contextual and reflective ways that the participants in
the present study described for learning mathematics at SummerMath for Teachers. Thus,
the data from this research and other programs support the inclusion of connected methods
for helping teachers gain access to and explore mathematical ideas.
As evidenced in this study, learning mathematics was a gradual, tentative, difficult, and
often rocky process. Working with peers required the teachers to develop new language
skills to express mathematical ideas. They struggled to unlearn old, ingrained knowledge,
made mistakes which led them astray, and, at times, abandoned the task. Yet, many of
their efforts to understand the subject matter concretely and thoroughly moved their
thinking closer to an abstract level. And as a result of their attention to the processes of
learning, teachers also gained a sense of appreciation for the uncertainties inherent in
teaching mathematics a new way. The findings of this research support the conclusions of
other investigators who acknowledge the time-consuming and long-term nature of such
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reforms in mathematics (Ball, 1990; Cohen, 1990; Wilson, 1990). Inservice education
planners may want to insure that programs allot sufficient periods for exploration of
concepts in depth, for reflection on learning, and for experimentation with innovative
classroom methods. Moreover, the far-reaching nature of the NCTM proposals provide
compelling reasons for making extensive resources available: additional coursework,
consultations in schools, and teacher support groups.
Through their continued involvement at SummerMath for Teachers the participants in
this investigation became further engaged in the process of change by realizing the potential
of mathematics for meeting the demands of real-world situations. They drew upon their
everyday understandings and skills in other disciplines to make sense of problems and
complexities in mathematics. The participants said that they now felt more capable in and
confident about the subject because it represented a form of meaningful behavior rather than
a series of disjointed formulas. One of the teachers noted, "It's not just numbers anymore,
it's thinking." Teacher educators should be aware of helping teachers become critical
thinkers. For this reason, inservice planners may want to develop assignments which
challenge teachers to connect ideas, to pose relevant problems, and to take themselves
seriously as learners.
Implications for Teachers
At SummerMath for Teachers the participants in this study became learners of
mathematics again. But instead of approaching the subject conventionally, which
encourages passive acceptance of the material, they now learned it through active,
innovative means: testing, speculating on, and justifying mathematical claims. Teachers
need to see themselves as mathematical learners who struggle to develop deeper conceptual
understandings and to relate that information in meaningful ways to their lives. In the case
of the elementary mathematics curriculum this is particularly important because the
traditional way of teaching this material has hidden its complexity and richness.
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Moreover, the study’s teachers came to see that doing mathematics and learning
mathematics were inseparable. The conclusions cited in other studies also stress that
teachers view new methods in light of their own attempts to learn mathematics (Ball, 1990;
Remillard, 1990; Wilson, 1990). Reflecting on their experiences might lead them to
reconsider techniques which they disregarded initially as unwieldily, perplexing or
ineffective.
The participants observed the SummerMath for Teachers staff as thoughtful decision¬
makers. The instructors, according to the participants, made deliberate attempts to match
mathematical representations and methods to specific objectives. In addition, the
practitioners took part in discussions which drew attention to the importance of staffs'
conscious and unconscious communications on the value of learning. Teachers' beliefs
about knowledge not only affect their teaching, but also their children's learning (Peterson,
Fennema, Carpenter & Loef, 1989). Thus, the data of this research and other studies point
toward the desirability of role models to help teachers sort out and become more aware of
their own underlying assumptions about teaching mathematics (Cohen & Ball, 1990).
The participants' new visions of the student-teacher relationship also invites discussion.
By becoming learners again at the SummerMath for Teachers Program, the teachers began
to understand more fully their children as active creators of information and themselves as
facilitators, not authorities in the classroom. Though continuing to meet curricular
responsibilities, the teachers should recognize their students' needs as focal points for their
lessons. Instructors should also become aware that they learn along with children and that
the understandings mediated with them are a potential source of rich mathematical
knowledge. In addition, from the vantage point of learners, the participants gained an
appreciation for their students' frustrations, fears and bewilderment with this new method.
For these reasons, teachers may want to consider ways to make instruction more
supportive and sensitive.
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Implications for Developmentalists
The teachers' recollections of learning mathematics prior to SummerMath for Teachers
were consonant with received and separate procedural ways of knowing. They accepted
mathematics as a discipline governed by rules and principles which were distinct from their
own personal experiences and meanings. Yet in their everyday lives and in their
approaches to other subjects, the practitioners thought as constructed knowers. Although
they appeared to be aware of this inconsistency, they seemed to have built rigid boundaries
around their thinking about mathematics. The teachers saw SummerMath for Teachers as
helping them to bridge that gap.
The participants did not progress sequentially through Belenky et al.'s stages. Despite
starting from different positions as received or separate procedural knowers in
mathematics, their courses of development were similar because they all previously thought
as constructed knowers with respect to the world. Thus they were able to integrate rich and
complex processes—real talk, question posing and connected thinking-into how they did
and thought about mathematics. Through discourse emphasizing collaborative and
cooperative dialogue instead of competitive behaviors, the teachers developed the capacity
to examine their own as well as others' thinking in mathematics. Moreover, the data
showed that looking at the subject matter from their students' points of view enriched the
participants' own understanding. And finally, by becoming aware that they now learned
mathematics as they learned other things in their lives, they emerged as constructed
knowers in mathematics.
Developmentalists may wish to examine the course of teacher change with respect to
other disciplines or due to other kinds of intervention such as preservice teacher education
programs. This information may contribute to the knowledge of more effective ways for
providing teachers with means of challenge and support as they attempt to deal with
educational reform.
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Implications for Researchers
Due to the present study's small and exploratory nature, its sample was limited to
participants whom the SummerMath for Teachers staff and this investigator considered
thoughtful and reflective about their experiences learning mathematics. Researchers may
wish to vary the criteria used to select participants, study an alternative site, or substitute a
different interview guide, task or frame of reference to learn more about factors
contributing to teachers' adoption of reforms. Observations of classroom practices might
also add a key dimension for learning about teachers' receptivity to innovation. Moreover,
longitudinal case studies or cross-sectional research with larger populations may provide
more insight into the nature of the developmental process.
Several topics seem promising for further examination. An unexpected emphasis in the
data was the teachers’ reliance on their perceptions of their children’s forms of reasoning.
For the most part, this strategy sharpened their analyses and made them more passionate
about content. This finding lends support for other research endeavors which have looked
at teachers' knowledge in terms of their students' thinking (Ball, 1990; Peterson, Fennema,
Carpenter & Loef, 1989). Other investigators might wish to continue searching for the
potential benefits of this perspective for teachers' understandings of content.
Issues surrounding relationships with authorities may be another fruitful area for
investigation. Although this study focused on empowerment exclusively in terms of
gender, it also has implications for learners of varied backgrounds. Researchers may wish
to replicate this project with students from ethnically-diverse backgrounds or different
socioeconomic classes to learn more about the influences of these factors in learning
mathematics. In terms of the present study, teachers' notions of themselves as capable
mathematical thinkers appeared intricately linked to their sense of empowerment in other
fields. The case-study format would permit investigators to examine how encounters and
experiences across disciplines facilitate teachers' learning.
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Concluding Thoughts
The present investigation was sensitive to teachers’ different interpretations of
knowledge and beliefs about mathematics and learning. As researchers collect more
accounts of teachers’ thinking, they will learn more about the kind and quality of
knowledge which teachers consider relevant. This project may offer insights for the
educational community on the richness and power in teachers' understandings.
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APPENDIX A
COGNITIVE INTERVIEW GUIDE
As part of your experience in the SummerMath for Teachers Program, you have
occasionally been asked to come up with real-world situations or story problems to show
the meaning or application of some particular piece of content. This can be pretty
challenging to do. I'd like to know what you would consider as good situations or stories
to illustrate the four basic operations-addition, subtraction, multiplication, and division—
with fractions. Please write the word problem first, followed by numerical expression and
diagram representing that statement for each of the four operations.

After the participant has completed the task, she will be asked:
How does your answer to the numerical expression correspond to the answer in your story
or situation?

If the participant noticed that the answer to the story or other representation did not match
the answer obtained computationally, she will be asked:
Why did that come out different?

If the participant struggled with finding a representation, she will be asked:
Many people find this hard. In your view, what makes this difficult?

If the participant could not compose a word problem with fractions, she will be asked to
write a story problem using whole numbers to represent the basic arithmetic operation.
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APPENDIX B
METACOGNITIVE INTERVIEW GUIDE

1. What mathematics did you learn?
What was the nature of this mathematics?
How did you arrive at your understanding?
How would you go about convincing someone that your ideas were
2. What contributed to your learning?
3. How did you feel as you were learning?
4. What role did others play in that learning?
What types of questions did they /she ask?
What was the effect of those questions?
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reasonable?

APPENDIX C
WAYS OF KNOWING INTERVIEW GUIDE
Section A-Educational Background
Before I ask about your perspectives on the SummerMath for Teachers Program and
your beliefs about learning and mathematics, I'd like you to tell me about your educational
background.
Al. What is your current teaching position like?
A2. What other teaching experiences have you had?
How long have you been teaching?
Section B-SummerMath for Teachers Program
Now I'd like to ask you about the SummerMath for Teachers Program and the role of
learning and education in your life.
Bl. What was learning mathematics like for you before you attended this program?
a. Can you describe a specific experience to illustrate what learning math was like for
you?
b. How is that experience important to you now?
B2. What do you think will stay with you about your experiences here in this program?

B3. Has being here in this program changed the way you think about yourself or the
world?

B4. In your learning here, have you come across an idea that made you see things
differently ... or think about things differently?

B5. What has been most helpful to you about this program?

B6. Are there things this program doesn't provide that are important to you?
-Are there things you would like to learn that you don’t think you can learn here?
Section C-Ways of Knowing
I'm trying to understand teachers' ways of knowing and you can help me by sharing your
experiences. These questions will focus on how you think about thinking and the ways
that you come to know things.
Cl. Think about times when you are trying to understand something new. How do you go
about it? How would you describe yourself as a learner?
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(After she has described the context for learning that first comes to mind, ask the
following questions, if not covered:)
a. How do you go about learning new things?
b. How do you go about learning new things in mathematics? (If not clear, ask her to
specify about her learning in the SummerMath for Teachers Program.)
c. How do you go about understanding (learning) new things in your personal life, say
with friends or family?

C2. How would you describe yourself as a thinker?
a. How have you changed as a thinker (learner) over the years?
b. What led to the changes?
c. What experiences were particularly important to you in your growth as a learner or a
thinker?
d. What experiences held you back?

C3. How would you describe yourself as a mathematical thinker?
a. How have you changed as a mathematical thinker (learner) over the years?
b. What led to the changes?
c. What experiences were particularly important to you in your growth as a
mathematical learner or thinker?
d. What experiences held you back?
C4. Now I would like you to think about authorities in your life. What experiences come
to mind when you think about authorities?
Think about the times when you had an idea or an opinion about something that
differed from some authority's opinion.
(If they do not respond, ask: Like when [authority mentioned above] thinks one thing and
you think something else.)
a. Generally, how do you handle or resolve situations like that?
b. How do you feel about having a different opinion from an authority's opinion? Are
these feelings different from the feelings that you had in the past? How so? What
accounts for the change, do you think?

C5. I'd also like you to think about authorities in your life in terms of mathematics.
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Think about times when you had an idea or an opinion about something that differed
from some authority's opinion such as a mathematics instructor from your college
experience, or the author of a mathematics text that you use in your classroom.
a. Generally, how do you handle or resolve situations like that?
b. How do you feel about having a different opinion from some authority's opinion in
mathematics? Are these feelings different from feelings you had in the past? How so?
What accounts for the change, do you think?

C6. We've talked about times when you had a different opinion than other people. Now
think about the times when you and someone really agreed about something, and it seemed
important to you. What's that like for you when it happens?
(If they mentioned agreeing with a peer ask:)
Has that ever happened to you with an authority? What was that like for you?
(If they mentioned agreeing with an authority ask:)
Has that ever happened to you with a friend? What was that like for you?

C7. In general, does it seem to you that usually there is only one answer that is really right
or true, or do you think there can usually be more than one?
a. Would you explain what you mean by that? (How do you know what’s right or
true?)
b. Why do you think there can/can't be more than one answer that is really right or
true?
c. Does it depend on the question? How so?

C8. What is your sense of what is right or true in mathematics?
a. Why do you think there can/can't be more than one answer that is really right or true?
b. Does it depend on the question? How so?

C9. In general, how do you think people get their knowledge and ideas? (Where do they
come from?)
a. And you, in general how do you usually get your knowledge and ideas? Where do
they come from?
CIO. How do you think people get their knowledge and ideas in mathematics?
a. How do you usually get your knowledge and ideas in mathematics?
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Cl 1. (Hand out the following three cards, one at a time, in this order. The comments on
these cards are designed to promote discussion of received, subjective, procedural and
constructed knowledge.)
Here are three statements by others that I would like you to comment on:
a. When I need to learn something, I like to just listen to the people who really know
about it.
b. I can count on my gut to tell me the truth-the truth for me.
c. When I have a problem to solve, I use my mind. I like to really think things through
carefully before I make a decision.
(Probe after each card to find out whether or not and under what conditions the comment is
true for the person. Try to get examples. After the person has commented on all three
cards, ask her to order them in terms of the degree to which she agrees with them.)

Cl2. (Hand her two more cards. The comments on these cards are designed particularly to
promote discussion of procedural and constructed knowledge.)
Here are other statements I would like you to comment on:
a. I think it is important to be objective and unbiased about things.
Comments? Do you agree? What does being objective mean to you?
b. At one time I really hoped I'd be able to figure the world out. I really thought if I
were only smart enough I could figure it all out and settle things. Its different now. I see
the world as wonderfully complicated and elusive. Nothing ever gets settled. Nothing is
resolved.
Your comments? Do you agree with her? Why? Why not? Why do you think she says
the world is "wonderfully" complicated? And that "nothing ever gets resolved?'
Cl3. a. Have ready two cards, with one of the following quotations typed on each card:
"Separate knowing" quotation:
"I never take anything someone says for granted. I just tend to see the contrary. I like
playing the devil's advocate, arguing the opposite of what somebody's saying, thinking of
exceptions, or thinking of a different train of logic."
"Connected knowing" quotation:
"When I have an idea about something, and it differs from the way another person is
thinking about it. I'll usually try to look at it from that person's point of view, see how they
could say that, why they think that they're right, why it makes sense."
b. Present one of the cards, saying, "Ok, I have two quotations I'd like to get your opinion
on. These quotes are from interviews with other people. I want to know what you think
about these. This is the first one. I'd like you to read it aloud, if you would." (Alternate the
order you would present these cards to the participants.)
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Ask the questions below, appropriately adapted.
1. How does that strike you?
2. Is this something you might say?
3. Is this something you would do?
4. Do you do it often?
5. Can you give me an example of a specific situation when you've done it?
6. How do you feel when you do this? ... Are you glad you do it?
7. What do you think it accomplishes?
8. So you wish you did it more or less than you do?
9. Are there or have there been people in your life who treat you this way? ... How do
you feel about it when they do it?
10. Do you ever have trouble doing this?
11. Are there times when you wouldn't do this?
-Are there people you wouldn't do it with?
12. For sk: Some people (women) say they find it hard to argue. Would you say
that's true for you?
For ck: Some people (men) say they find it hard to do this. Would you say that's
true for you?
13. Have you ever gotten into trouble using this approach? (for sk, can say "arguing")
14. Do you ever use this approach with yourself-with your own thinking?
—for sk, add, "play devil's advocate with yourself," "argue with yourself."
—for ck, add, "try to see why you think what you do, what's right about it?"

15. Do you know someone who does this? Tell me about them.

C. Hand the person the second card, saying, "Ok, here's the other quotation. I'd like to
know what you think about this. Would you read it aloud, please?"
Repeat the questions above, appropriately adapted.
D. With both cards in front of the person, say, "Which of these [indicating ck/sk cards] is
more like you, do you think?"
-Which do you do more?
—Which do you like better?
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2. How do the two approaches fit together for you? .. .Do you see them as compatible
or incompatible?

3. Do you think you've changed in these respects at all?

-Have you increased or decreased your use of this one? (indicate one of the cards)...
How about the way you use it-has that changed?

—What's your guess about what brought about these changes?

-How about the other one? (indicate other card) Have you increased or decreased your
use of it? ... Or the way you use it-has that changed?

-What's your guess about what brought about these changes?
4. How do you see yourself changing in the future on these things?

C14. Have you ever been in a situation where you felt confused/silenced, because what
you thought or felt was very different from what others were saying or doing?
(Probe situation.)
How did you feel in the situation? Afterwards?
What did you do?
What did all this mean to you?

Cl5. Have you ever experienced work that you really loved?
—What was it about the work or way of working that you loved?

Cl6. Looking back over your whole life, can you tell me about a really powerful learning
experience that you have had, in or out of school?
How did this experience change your perspective on learning?
How is this experience important to you now?
Can you tell me about other circumstances which changed your perspective on
learning?
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Section D—Self Descriptions
Having talked about how you come to know things, now I would like you to change
perspectives and think more broadly about yourself.
Dl. How would you describe yourself?
If you were to describe yourself, who you really are, how would you do that?
D2. Is the way you see yourself now different from the way you saw yourself in the past?
What led to the changes?
Have there been any other turning points?
D3. How do you see yourself changing in the future?
D4. Looking back over your life, what relationships have been really important to you?
Why?
How would you describe those relationships?
How has the relationship changed, and how do you account for the change?
Have you had a relationship with someone who helped you shape the person you have
become?
Section E-Gender
El. What does being a woman mean to you?
Do you think there are any important differences between women and men?
How has your sense of yourself as a woman been changing?

E2. How has being a woman affected your learning in mathematics?
Were there different expectations for men and women in your math classes?
How would you respond to the following statement-"Men are better mathematical
thinkers than women."
How has the SummerMath for Teachers Program influenced your views about being a
woman learning mathematics?
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Section F—Conclusion
1. Are there any other questions that I should have asked you, that would have thrown
some light on the issues that I am interested in ... that is, your experiences in the
SummerMath for Teachers Program and your ways of knowing?
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APPENDIX D
WRITTEN CONSENT FORM
My name is Elizabeth Betke and I am presently a graduate student in the School of
Education at the University of Massachusetts in Amherst. My doctoral studies concern the
way teachers learn mathematics. I plan to interview several teachers who have participated
in the SummerMath for Teachers program to help me understand this topic. As a
participant, I would be asking you to explore a specific mathematical task and then
interviewing you about your approach to that task and about your ideas on mathematics and
learning. I would also like your permission to read your previous journal (you may omit
any sections that you don't wish me to read), and, if you have participated in a previous
interview, to review this material.
The interview will take approximately two hours and will be conducted in either one or
two sessions. Each interview will be audiotaped and transcribed in full. I will send you a
copy of this transcription for your review and further comments. The interviews can be
arranged at a time and place that is convenient for you.
I would also like your permission to describe or to include in your own words selected
experiences from these sources in my dissertation, in other written work, or in oral
presentations. I want to assure you that I will respect your confidentiality, and that I will
not identify you by name, nor identify the names of people you mention, nor identify the
name of your school or city.
Additionally, when you sign this form, you assure me that you will make no financial
claims for the use of the journal or of the material in your interview.
And I respect your right to withdraw your participation from this study at any time.

Signature of the participant

date

Signature of the investigator
129

APPENDIX E
WRITTEN CONSENT FORM

My name is Elizabeth Betke and I am presently a graduate student in the School of
Education at the University of Massachusetts in Amherst. My doctoral studies concern the
way teachers learn mathematics. I plan to interview several teachers who have participated
in the SummerMath for Teachers program to help me understand this topic. As a
participant, I would be asking you to explore a specific mathematical task and then
interviewing you about your approach to that task and about your ideas on mathematics and
learning. I would also like your permission to read your previous journal (you may omit
any sections that you don't wish me to read), and, if you have participated in a previous
interview, to review this material.
I will be asking you to be partners with another teacher to work on the mathematical
task. This session will be videotaped. Immediately following this activity, we will view
this tape together and I will ask you to make comments about your thinking. This session
will be audiotaped and both parts of the interview will take approximately one to two
hours.
At another time, I will interview you about your thoughts on learning in general, and
mathematics in particular. This phase of the interview will be audiotaped and will take
approximately one hour. Both of the interviews—your work on the mathematical task and
your ways of learning-will be transcribed in full. I will send you a copy of the
transcriptions for your review and further comments. These interviews can be arranged at
a time and place that is convenient for you.
I would also like your permission to describe or to include in your own words selected
experiences from these sources in my dissertation, in other written work, or in oral
presentations. I want to assure you that I will respect your confidentiality, and that I will
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not identify you by name, nor identify the names of people you mention, nor identify the
name of your school or city.
Additionally, when you sign this form, you assure me that you will make no financial
claims for the use of the journal or of the material in your interview.
And I respect your right to withdraw your participation from this study at any time.

Signature of the participant

date

Signature of the investigator
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